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Abstract. A result of H.-W. Wiesbrock is extended from the case of a com- 
mon cyclic and separating vector for the half-sided modular inclusion N C M 
of von Neumann algebras to the case of a common faithful normal semifinitc 
weight and at the same time a gap in Wiesbrock's proof is filled in. 



1. Introduction 

J. Bisognano and E. Wichmann (0]) made a discovery about the connection of 
the modular operator and the modular conjugation for the von Neumann algebra 
generated by quantum fields in a wedge region of the Minkowski space-time with 
kinematical transformations, namely pure Lorentz transformation and the TCPi 
operator. 

H. J. Borchers formulates an important feature of this connection in the 
abstract setting of a pair of von Neumann algebras N C M with a common cyclic 
and separating vector Q , and a one-parameter group of unitaries U (A) having a 
positive generator, which induces a semigroup of endomorphisms of (M , f2) , ob- 
taining a commutation relation of U (A) with the modular operator and the modular 
conjugation for [M , Q) , which reproduces the kinematical commutation relations 
in the Bisognano- Wichmann situation. 

A further development has been achieved by H.-W. Wiesbrock (|37], |59|. 
|4(J| . |41) . |42| ) . who introduces the notion of the half-sided modular inclusion and 
obtains an underlying group structure (cf. [2]), as we U as an imbedding of the 
canonical endomorphisms of the subfactor theory into a one-parameter semigroup 
of endomorphisms in this specific situation. Thus he gets a correspondence between 
2-dimensional chiral conformal field theories and a class of type IIIi subfactors. 

Unfortunately, there is a gap in Wiesbrock's proof of his basic theorem fpT7|. 
Theorem 3, Corollary 6 and Corollary 7, We will fill in this gap in Wiesbrock's 

proof and further generalize the result to the case of a common normal semifinitc 
faithful weight. 
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As a basic tool to prove general half-sided modular inclusion results, we gener- 
alize a structure theorem of H. J. Borchers ([7j, Theorem B) considerably, making 
Borchers' proof at the same time more transparent. 

The extension from the state case to the weights turns out to be not straightfor- 
ward. For this purpose we introduce as a basic tool the notion of a Hermitian map 
by using modular structure. 

It seems that before the summer of 1995, when we independently noticed the 
gap in the proof of Wiesbrock's half-sided modular inclusion theorem, this gap was 
generally overlooked. Thanks to Prof. Detlcv Buchholz, who has been visiting the 
first named author in the fall of 1995, we learned about each others insights and 
started to collaborate on this paper. The first version of the paper, containing a 
complete proof of the General Half-sided Modular Inclusion Theorem, Theorem l2.ll 
was available already at the end of 1995. It had a restricted circulation, but it was 
presented at several conferences. Other topics, like Theorem 12.21 on the structure 
and type of the involved von Neumann algebras and Proposition ^. 4l on pathologies 
of the analytic extension of orbits of one-parameter automorphism groups, are of 
more recent date. 

We notice that since 1995 a number of papers appeared, containing proposals 
for a complete proof of the half-sided modular inclusion theorem (see, for example, 
|17| . Section 3 and PP- 608 and 609). None the less, till now we have no 
knowledge of a completely elaborated proof, even in the state case. 

2. Main Results 

(a) Notations and facts from the Modular Theory of von Neumann 
Algebras (see, for example, Chapter 10). 

For two Hilbert spaces H and K we denote by B(K, H) the Banach space of all 
bounded linear maps from K to H . B(H,H) will be denoted simply by B(H) . 
If T is a not necessarily everywhere defined linear operator from K to H , then 
Dom (T) will stand for the domain of T . 

We denote the weak and the strong operator topology on B(K, H) respectively 
by wo and so. The weak topology defined on B(K,H) by all linear functionals 
belonging to the norm-closure of the wo-continuous linear functionals in the dual of 
B(K, H) will be denoted by w . Further, the locally convex vector space topology 
defined on B(K, H) by the seminorms 

B(K, H) 3 T i — > tp(T*T) 1/2 , 

where <p ranges over all in-continuous positive linear functionals on B{K) , will be 
denoted by s. We notice that on any bounded subset of B(K,H) wo — w and 
so = s . 

For a weight if on a von Neumann algebra M we use the standard notations: 
yi v — {x e M ; ip(x*x) < +00} (left ideal) , 
971^ = (St^)*^ = the linear span of {a 6 M + ; if (a) < +00} 

(hereditary *-subalgebra) , 
%p = (%>)* H 9t v D 97t v (*-subalgebra) . 



HALF-SIDED MODULAR. INCLUSIONS 



3 



We notice that for a € M + we have a £ Wl v 99(a) < +00 . 

A von Neumann algebra M on a Hilbert space H is in standard form with respect 
to a normal semifinite faithful weight ip on M if there is a linear map with dense 
range 

0t v 3 x 1 — > x v E H 

such that 

<^(:c*2;) = ||£ v || 2 , {ax) v — ax v , x £ 9^ , a € M . 
In particular, by the faithfulness of ip , the map x 1 — ► is injective. We notice also 
that the above map x 1 — > a; v is unique up to natural unitary equivalence. If ip is 
bounded, then £ v = (ljy)^ is a cyclic and separating vector for M and cc v = x£ v for 
all ieM = 9^ . In this case ip is the vector form M 3 x 1 — > a>£ (x) = (x£ v \ £ v ) . 

Let M be a von Neumann algebra on a Hilbert space H , in standard form with 
respect to a normal semihnite faithful weight ip on M . Then the antilinear operator 

H D {x v ; x e 3 x v 1 — > {x*) v 
has closure S v and the invertible positive selfadjoint operator A v = S*S V is called 
the modular operator of 99 . If 

t? - 7 Al/2 

is the polar decomposition of , then J v is an involutive antiunitary operator 
(antilinear surjective isometry with = Iff), called the modular conjugation of 
ip . The operators A v and J v satisfy the commutation relation 

J V A Z V = A-~J V , zeC, (2.1) 

in particular, 

S V = J V ^ = ^-I 3 J V , J v A$ = A«J v ,teR. (2.2) 
If ip is bounded and £ v = (lii)tp is the associated cyclic and separating vector, then 
Sip £<p = £tp , Aip £tp = ^ip , Jtp^tp = ^tp ■ 
The fundamental result of the modular theory claims that 

x e 0t v , t e R =j. A« 1 A^ lt e ^ , (A« z A; l % = A* x v , (2.3) 

so that 

M 3 x 1 — ► of (x) = A;* x A~ u € M , i e K (2.4) 

defines an so-continuous one-parameter group of automorphisms (cf) tgR °f i 
called the modular automorphism group of <p , and 

J V M J v = M' , x , y e yi v ==>■ x J v y v = J v y J v x v , (2.5) 

so that M 3 x 1 — > J v x* J v € M' is a *-antiisomorphism. Moreover, the weight ip 
is invariant under the action of the modular automorphism group : 

cp(af(a)) = tp(a), aeAI+,teR. (2.6) 

The center Z(M) of M is contained in the fixed point von Neumann subalgebra 
{x £ M; o-f(x) = x,teM.}cM, which is usually denoted by M v . On the other 
hand, J v z J v = z* for all z £ Z(M) . We recall also (see the proof of [2H|j Lemma 
5.2 or 45 , Corollary 1.2) : 

x e Tip , y e M v => xy €%p, (xy) v = J v y*J v x v . (2.7) 

Let e € M v be a projection and let 99,= denote the restriction of ip to eMe . By 
|28| . Proposition 4.1 and Theorem 4.6 (see also [33], Propositions 4.5 and 4.7), <y9 e 
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is a normal semifiriite faithful weight and its modular group is the restriction of 
the modular group of cp to eMe . Thus, if ir e : eMe — > B(eH) is the faithful 
normal ^-representation which associates to every x G eMe the restriction x | eH 
considered as a linear operator eH — > eH , then the modular group of the weight 
ip e o ir^ 1 on Tr e (eMe) , that is (ir e o af" o 7r f T 1 ) t6R , is implemented by the unitary 
group (A^J | eH) teR on eH . Nevertheless, 7r e (eMe) is not always in standard form 
with respect to ip e o n^ 1 (indeed, if M C £?(C 4 ) is a type I2 factor, in standard 
form with respect to its trace, and e G M is a minimal projection, then 7r e (M) is 
one-dimensional, while its commutant 7r e (M)' is four-dimensional, so ir e (M) and 
7r e (M)' are not antiisomorphic) . 

However, for any projection e G M v , 

7T = 7r e j e j : eMe 9 a; 1 — ► a; | eJ^eJ^H G B(eJ v eJ ip H) (2-8) 

is a faithful normal ^-representation, such that the von Neumann algebra 7r(eMe) 
is in standard form with respect to ip e o 7r _1 (cf. |19j. Lemma 2.6). Moreover, A v 
and J v commute with eJ v eJ v and we have the identifications 

For the convenience of the reader, let us outline the proof of (|2.9|l . 

For the faithfulness of 7r , let x G eMe be such that a; eJ v eJ v = . Then 

X J p ^/L C J ip — X & J [p J i_p J ip & J [p — J [p ]\^ J ip X G J '_p & J ip — - 

so x J v vanishes on MeH , hence on the range of the central support z(e) G Z(M) 
of e . Thus x = x z(e) = x J v z(e)J v = . 

To see that 7r(eMe) is in standard form with respect to ip — </? e o ir^ 1 , first we 
notice that, according to (|2.7|l . 91^ — irffi^,^ — e91 v e . Next, the linear map 

[^"71 

OT^, = 7r(0T v J 3 ir(x) 1 — > x v = (exe) v = eJ v eJ v x v G eJ v eJ v H 

has dense range. Indeed, every vector in eJ v eJ v H belongs to the closure of 

[T71 

eJ^eJ^p {x<p , x G 9^^} — {(exe),^ , x G ^Tt^} ? ^ ^ ^l^> e } • 

Finally, for every ir(x) G irffi^^) = 01^, and 7r(a) G 7r(eMe) hold true: 

iP(tt(x)*t:(x)) = tp e (x*x) = ip{x*x) = \\x v \\ 2 , (ax) v = ax v = Tr(a)x v . 

The commutation of J v with e J v e J v follows immediately from the commutation 
of e with J v eJ v . Let J e denote the involutive antiunitary operator 

eJ v eJ v H 3 £ 1 — > J v £ G eJ v eJ v H . 

Further, using 12.21) and e G M v , we obtain for every (eR: 

eJipsJtp — e J(p6 A^ J \p — eJ tp A^ eJ^p — e A^ J ^eJ ^ — ^J<p^J<p • 

Thus also A v commutes with eJ v e J v , so 

eJ v eJ v H D Dom (A v ) n (eJ v eJ v H) 3 £ 1 — > A v £ G eJ v eJ v H 

is an invertible positive selfadjoint operator A e , whose positive selfadjoint square 
root is 

eJ v eJ v H 3 Dom (A^ /2 ) n (eJ^eJ^H) 3^' — > A* /2 £, G eJ v eJ v H . 
Since, for every n(x) G ir(%i Ve ) — 21^, , 

SijjX^p — (x — S^pX^p — J p A^ — Jq A^ — t/g Xp , 
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we deduce that Sj, C J e A e . For the equality S$ — J e A e , which will imply 
QTfy . let i £ Dom(Ae /2 ) = Dom(A^ /2 ) n (eJ v eJ v H) = Dom n {eJ^eJ^H) 
be arbitrary. Then there is a sequence (aJ n ) n >i in 2l„ such that (x n ) v — ► £ and 
i x n)<p — * S<p£- By (|2.7|) the sequence (ex n e) n >i belongs to 2l Ve and we have 

Sip [ex n c) — ^ (GX72 c) ^ ^ — cJ^pdJtp ^ (iJ(p&J<p S(p ^ . 

Now the closedness of the graph of yields £ € Dom (S 1 ,/,) . 

For a projection p G Z(M) C M v we have J v pJ v = p , so (|2.9() yields 

A^o.- = A v , J v><w -i = J v \ P H. (2.10) 

Let M 7^ {0} be a von Neumann algebra, in standard form with respect to a 
normal semihnitc faithful weight p on M . Then the Connes spectrum T(a v ) of the 
modular automorphism group a v of p is the intersection of the Arveson spectra of 
all modular automorphism groups a v " , where e ranges over all non-zero projections 
e G M v . By [BJ, Lemme 1.2.2 and Theoreme 2.2.4 (see also [SHI , Theorem 3.1 and 
Proposition 16.3), T(a v ) is a closed additive subgroup of K and it does not depend 
on the choice of <p , so it can be denoted (like in [27], 8.15) by T(M) . Furthermore, 
by [T3j, Lemme 3.2.2 (see also [331, Proposition 28.1), A G T(Af) if and only if e A 
belongs to the spectrum a(A iPc ) of A^ for all non-zero projections e G M v . 

According to ^3|, page 28, the von Neumann algebra M ^ {0} is called to be 
of type IIIi if T(M) = M, or equivalently, if cr(A Ve ) = [0, +oo) for every non-zero 
projection e G Af v . By (|2.9|) we have also: 

M is of type 11^ <=> ( f ( A - 1 e J ^ e J ^.) = [«' +°°) . (2.11) 
J 1 1 for every projection 7^ e G M v v y 



(b) The general Half-sided Modular Inclusion Theorem. 

Let M be a von Neumann algebra on a Hilbert space H , in standard form with 
respect to a normal semifinite faithful weight p on M . Let further N C M be a 
von Neumann subalgebra such that the restriction ip of <p to A is semihnitc. If 
{y,^ ; ?/ G 91,/,} is dense in -ff , then N is in standard form with respect to ip such 
that y^ = y v for all y £ Ot,/, . This happens, for example, if N C M C B(H) are 
von Neumann algebras having a common cyclic and separating vector £ D , and p is 
the vector form M 3 x 1 — > (a; £ Q | Co) ■ 

In the above situation, owing to (|2.5|) . we have 

J.0 J^, M Jy, — J.jf, M c J^, N J-,)) = N , 

so the unitary J.0 J v implements a unital *-homomorphism 

M 9 x 1 — ► Ad (J^f, J v ){x) — J^p J v x J v J^f, £ N C M , 

considered by R. Longo ( |24| . |25| ) and called the canonical endomorphism of the 
inclusion N C M . The canonical endomorphism 7 , in particular the tunnel 

MD Nd 7 (M) D 7 (A) D 7 2 (M) D 7 2 (7V) D . . . , (2.12) 



plays an important role in the Subfactor Theory (see [2E] and |2~2"]). 
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Let V\{\) denote the two-dimensional Lie group generated by the hyperbolic 
rotations 



£2 J \ — sinh(27rf) cosh(2-7rf) J \ £2 
and the lightlike translations 

(cf. Ch. 17, § 2, A), which is the Poincare group on the light-ray. Furthermore, 
the commutation relation 

T s L t — L t T e 2*t s , s,teR 

implies that (T Sl L tl ) (T S2 L t2 ) = T Sl+e -2i,t 1 S2 L tl +t 2 ■ Therefore, endowing M 2 with 
the Lie group structure defined by the composition law 

(si, *i) ■ (s 2 ,t 2 ) = (si + e~ 2 ^s 2 , h + t 2 ) , 

the mapping M 2 3 (s,t) 1 — > T s L t £ ^+(1) becomes a Lie group isomorphism. 
In particular, is connected and simply connected. On the other hand, the 

map ( q ^ ) 1 — > T s Lt is a Lie group isomorphism of the two-dimensional 

2x2 matrix group Q = |f 6 ^ * j ; s, t G r\ onto V\{1) . If we identify 

■p!(l) with £/ along the above isomorphism, the Lie algebra p+(l) of Pt(l) will be 
identified with the Lie algebra g of Q , and the exponential map p+(l) — ► ^+(1) 
with the exponential map q — > Q , that is with the usual exponentiation of the 
matrices belonging to q . We notice that g is the set of all 2 x 2 real matrices X 
such that exp(i X) e G , t e K , and [X, Y] = XY - YX for all X , Y € Q . The 
elements 

Xi = ( f I), X 2 = ( ^ ^ ) , A 3 = ( ° J ) (2.13) 
of q = pl_(l) are of particular interest: we have 

X 3 = ^-(X 2 -X 1 ), [X 2 , X t ] =4tt 2 X 3 , (2.14) 
any two of X\ . X 2 , X3 is a basis for g = pT (1) and 

«p(**i)=( e- r i)>(T n ^ 

for j = 1 , 2 , 3 , respectively. 

According to the general theory of unitary representations of Lie groups (see 
e.g. |2j, Ch. 11, § 1, B or (30), Section 10.1), if tt is an so-continuous unitary 
representation of Q = 'Pl(l) on a Hilbert space if and T>g(tt) denotes the Garding 
subspace of H for 7r , then the formula 

d^(XK=^(cxp(tA))£ 



X ep^(i),£eD G (7r) 

t=o 

defines a representation of the Lie algebra pT_ (1) into the Lie algebra of all skew- 
symmetric linear mappings T>g(tt) — > T>q(tt) . Moreover, for every X e p{{l) , the 
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linear mapping idir(X) : H D T>g(tt) — > T>g(h) C H is essentially selfadjoint (see 
e.g. [21, Ch. 11, § 2, Corollary 4 or [301, Corollary 10.2.11). Therefore, if X G p\{\) 
and A is the selfadjoint linear operator in H , then 

ir(exp(t X)) — exp(iiA) for all i G K d7r(X) =iA (2.16) 

(the first exp is the exponential map of the Lie group Vl_(l) , while the second 
one indicates functional calculus). Indeed, by the definition of dir(X) we have 
dir(X) C iA, so the selfadjoint operator — idir(X) is contained in the selfadjoint 
operator A , which implies their equality. 

We notice for completeness that, according to |T5], Theorem 3.3, the Garding 
subspace Vq{tt) is actually equal to the set of all C°°-vectors for it . 

We notice also the following simple fact concerning the essential selfadjointness 
of sums of symmetric operators: If H is a Hilbert space, T> C H is a dense linear 
subspace and A, B : T> — > T> are linear operators, then 

A,B symmetric, A + B essentially selfadjoint =*> A + B C A + B . (2.17) 

Consequently also A + B is essentially selfadjoint and A + B = A + B . 
To prove l|2.17() . let ?/ G Dom (A) n Dom (B) be arbitrary. Then 

(77 1 (A+B) e) = fa | A£)+(r? |B£) = (Ar/I 0+(^ry | = ( (A+B) r, | £) , £ G Z> , 

so ?7 is in the domain of (A + B)* = A + B and {A + B) 7/ = (A + B)*?; = (A+B) 77 . 
H2.17J) implies that, for any so-continuous unitary representation 7r of V\_{\) , 

d7r(X) + d^Yj = d7r(X + F) , I,Fep|(l). (2.18) 

Theorem 2.1. (General Half-sided Modular Inclusion Theorem) Let M be a von 
Neumann algebra on a Hilbert space H , in standard form with respect to a normal 
semifinite faithful weight (p on M , and N C M a von Neumann subalgebra such 
that the restriction tp of tp to N is semifinite and N is in standard form with respect 
to %j) . Let us denote for convenience 

Am = A v , Jm = Jip and An = A^ , J/v = J^ 

and assume the following half-sided modular inclusion : 

A M N A M 4 * C N , t < . (2.19) 

Then 

-^(logAjv-logAM), (2.20) 

Z 7T 

defined on the intersection of the domains of log Ajv and log Am , is an essentially 
selfadjoint operator with positive selfadjoint closure P and, letting 

U(s) = exp(isP) , s £ R , (2.21) 

we have the following : 

(1) A M it U(s)A i M =Ap t U(s)A% =[/(e 2 ^ S ), S ,teR; 

(2) J M U{s) J m = Jn U(s) J n = U(-s) , seM; 

(3) C/(l-e 2 ^) = A/A]* f and A% = U{1)A%U{\)\ ieR; 

(4) U(2) = J N J m and J N = U{1) J M U(l)* ; 

(5) N = U(l) MU(l)* ; 

(6) U(s) M U(s)* C M , s>0; 



s 
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(7) 7s = AdU(s) , s > lis an so-continuous one-parameter semigroup of *- 
endomorphisms of M such that 72 is equal to the canonical endomorphism 
7 = Ad (J/v Jm) of the inclusion N C M ; £/ius 7s(Af ) , s > , provide a 
continuous interpolation of the tunnel 12.12fl : 

Af D 7l (M) = N D 72 (Af) = 7(Af) D 7 3 (M) = 7 (JV) D 

D 74 (Af) = 7 2 (M) ^ 75 (M) = 7 2 (JV) ^ • ■ ■ ; 

(8) for x € Af and s>0 we /iave 

C7(s) a; U(s)* G m v => (U(s) x U{s)*) v = U(s) x v ; 

(9) The weight ip on M is invariant under 7a for every s > ; 

(10) {A M , A^- ; t , s G R} generates a group of unitary operators on H , which 
is the image of an so-continuous unitary representation tt ofP\ (1) on H , 
uniquely determined by any two of the relations 

dTr(Xi) = Hog A M , d7r(X 2 ) = i log A w , d7r(X 3 ) = iP, 

where X\ ,X% G P+(l) are £*e algebra elements defined in \2. iffl . 

Remark. This theorem is a generalization of Wiesbrock's statement, where ip is 
assumed to be bounded. 

The strategy of our proof. The proof will be given in Section 7 in several steps. 

(i) First we study A^* A M by using the Modular Extension Theorem which 
will be proved in Section 5. 

(11) Then we show that A^r'* A M has a strong operator limit T for t — ► —00 . 
For the existence of the wave operator T we use our generalization of the Borchers 
Structure Theorem which will be proved in Section 6. 

(iii) Using the above ingredients, we define an so-continuous one-parameter fam- 
ily U(s) , s G R , of unitaries. 

(iv) We prove that the defined family U(s) , s € R , is a one-parameter group 
having positive generator P and we verify that for it the statements (1) - (10) in 
Theorem |2~T1 hold. 

(v) Using that the generator P of R 3 s — > U(s) satisfies (10), (|2.18[) will imply 
that P is the closure of the operator (|2.20|) . 

We also prove the following result about the structure of half-sided modular 
inclusions: 

Theorem 2.2. Under the assumptions and with the notation as in Theorem \2.1\ 
the following hold : 

(1) j s (z) = z for s > and z G Z(M) , so Z(j s (M)) = Z(M) for all s > . 

(2) There exists the greatest central projection p of M satisfying Mp = Np . 
For a projection e G M we have 

e < p <=> U(s) e = e for all s G R , 

while for a projection e G M v with 7s (e) = e , s > , we have even 

e < p <^=> U (s) e Jm e Jm = e Jm e Jm for all s G R . 

(3) Af v C P| 7s (M) f) 7.(M) = Af ; 7s (x) = a; , s > 0} . 

s>0 s>0 
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(4) Wl v n W? s ° = M v Mf C {x G M; ^ s (x) = x , s > 0} 

M (Ih — p) and N(1h — p) are of type IIIi 
whenever lg. 

Remarks. (1) is proved in the case of bounded ip in [§], Theorem 2.4, and for the 
general case we shall essentially repeat the same proof. 

If ip is bounded, then the equality (^| j s (M) = {x G M ; J s (x) = x, s > 0} in 

s>0 

(3) follows from [21], Corollary 2.2, but for the proof of (3) in our setting we need 
a different method. 

Finally, for bounded ip , the inclusion M v C {x G M ; 75 (2:) = x , s > 0} and the 
type of M (l H — p) and N (Ih — p) were established in [37] if M is a factor, and 
in 0, |2| in the case of a general M . However, there is a gap in the proof in [Sj, 
U|: it is shown only that, for every e G M v majorized by Ih — p, the spectrum of 
A v I eH is [0, +00) , while the right proof requires that the spectrum of the modular 
operator of ip e , which is A^, | eJ v eJ v H (see i[2.9jl ). be equal to [0, +00) . 

We don't know if the above inclusion still holds without assuming the strong 
operator density of 9Jl v H M v in M v . We notice that, by (3) and (4) in the above 
theorem, if M v c C\ j g (M) would hold in general, then we would always have: 

s>0 

M v c {x G M; 7,(3;) = x , s > 0} = f| 7s (M) , 

s>0 

M(1h — p) , N(1h — p) are of type IIIi in the case p ^ Ih ■ 
(c) The Analytic Extension Theorem. 
Let G E , ^ . Set 

§ (i = {zeC;0<r 1 3z<l}- 

H°°(§p) will denote the Banach algebra of all bounded analytic complex functions 
on $p . 

Most parts of the following Analytic Extension Theorem are known, but we shall 
give a proof for the convenience of the reader: 

Theorem 2.3. (Analytic Extension Theorem) Let A and B be invertible positive 
selfadjoint linear operators on the Hilbert spaces H and K respectively, 7^ (3 G R , 
and T G B(K, H) . Then the next statements (1) — (5) are equivalent : 

(1) R3s 1 — ► A ls T B~ ls has a uniformly bounded so-continuous extension 

§^9zi — ► T(z) G B(K, H) (2.22) 

which is analytic in §^ . 

(2) l9s 1 — ► A ts T B~ ls has a wo- continuous extension \2.22\ which is ana- 
lytic in Sp . 

(3) There exists a Borel set S C R of non-zero Lebesgue measure such that, 
for every £ G K and r\ G H , there exists an f^^ G H°°(Ep) satisfying 

0< |im_ +o fU* + it) = ( A ' S T B ~ lS 1 1 V) (2-23) 

for almost all s G S D . 

(4) A~@ T B@ is defined and bounded on a core of B@ . 
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(5) T>om(A- TB' 3 ) =Dom(B' 3 ) andA-^TB 13 is bounded. 
Moreover, if the above conditions are satisfied, then, for every z E §p , 

Dom {A lz T B- iz ) = Dom (B- iz ) , (2.24) 
A ix T B~ iz c T(z) , (2.25) 

A u T(z) B~ u = T(z + 1) , teR. (2.26) 

Remark. A somewhat novel feature is the non-null Borel set S G in (3). We shall 
apply this Theorem in the case K = H , T = 1# , A = Am , B — An and [3 = — | 
in the proof of the Modular Extension Theorem fTheorem l2.12|l . 

We notice that, for A and B as in Theorem 1231 Mas i — ► a s = A is ■ B~ ls is an 
so-continuous one-parameter group of linear isometries on B(K,H) . If, for some 
T e B(K,H) and z e C, the orbit R 3 s i — ► A is T B~ ts has an so-continuous 
extension 

E^ Z 3(^T(()EB(K,H), 

which is analytic in §cj z , then we say that T belongs to the domain of a z and define 
a z (T) = T(z) . According to TheoremO for T E B(K, H) the conditions 

T e Dom (a*) , 
- A tz T B~ tz is defined and bounded on a core of B~ lz , 

Dom {A lz T B- lz ) = Dom (B~ iz ) and A tz T B~ tz is bounded 

are equivalent and, if they are satisfied, then a z (T) = A lz T B~ lz . For a more 
detailed study of the analytic extension operator a z , especially in the most relevant 
case z — — i , when it is called the analytic generator of the group a , we refer to 
Q2], gSl and [Sj. 

Let us point out that, in general, the five equivalent statements in Theorem l2.3l 
are not equivalent with 

(4') A~ f3 TB f3 is densely defined and bounded. 

Indeed: 

Proposition 2.4. There exist an invertible positive selfadjoint linear operator A 
on a Hilbert space H and a unitary v E B{H) , such that 

A~ x vA is densely defined and bounded, but 
Dom (A~ 1 vA) is not a core for A . 

Remark. Actually the proof of Proposition 12.41 which will be given in Section 3, 
works to prove the next more general statement: 

If A and B are invertible positive selfadjoint linear operators on a non-zero 
Hilbert space, such that 

e -Us B is ^ t ,sEM., 
B 7T )) e *',!€!, and further, 

b ise ^\ t , s£l, 



A it B i8 A~ it = 
hence A u exp (~B n ) A~ lt = ( exp (- 

A lt b is A- u = 
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then, for every s > , 

Dom (A- 1 b ls A) = Dom (A) and A' 1 b is A C b~ ls , 

while 

A-i fj-tsy^ is densely defined and A^ 1 b~ ls A C b ls , but 
Dom (A^ 1 b~ ts A) is not a core of A . 

Nevertheless, there are situations in which the above statement (4') is equivalent 
with the statements (1) — (5) in Theorem l2.3l One of such situations occurs in |3fi| . 
Lemma 15.15 and Theorem 15.3, namely: 

Let M C B(H) be a von Neumann algebra, in standard form with respect to a 
normal semifinite faithful weight (p on M . Then, for any a G 9T y , the following are 
equivalent : 

(a) A^^ 2 aA]j 2 is densely defined and \\ A^^a Aj/ 2 || < 1, 

(b) iiAyvA~ i/2 n < i, 

(c) Dom(A^ 1/2 aAy 2 ) =Dom(Ay 2 ) and || A~ 1/2 a Aj/ 2 || < 1. 
Indeed, if (a) holds and n G Dom (A X J 2 a* A v ^ 2 ) , then 

KAVVA-V^)! = | (r? | A-^aA^)] < \\ v \\ U\\ , eeDom(A;Va AV2). 

Since Dom (A ¥ , 1 ^ 2 a A]J 2 ) is dense in H , we get \\A]J 2 a*A- 1/2 n\\ < \\ V \\ . 

2 1/2 1/2 

Next, Dom(A ¥ , / a*A ip 1 ) always contains the core {J v x v ; x G 21^} of A v 1 . 
Indeed, if x G 2l v , then xa G 2t v and so a*A tp 1 ^ 2 J v x v — a*S v x v — a*(x*) v — 
((xa)*)^ belongs to DomS v — Dom A^ 2 . 

Consequently, according to Theorem PI (b) implies that a* G Dom((7^ /2 ) 
and || cr^_., 2 (a*) \\ < 1. But then a G Dom(cr^ 2 ) and o~^ 2 {a)* = er^ 2 (a*) , hence 
ll cr i/2( a )H = ll 17 ^/ 2 ^*^ — ^ ' Using again Theorem 12. 31 we obtain that (c) holds. 

Finally, the implication (c) =>• (a) is trivial. 

(d) LEBESGUE CONTINUITY, TOMITA ALGEBRAS. 

Let M C B(H) be a von Neumann algebra, in standard form with respect to a 
normal semifinite faithful weight ip on M . 

The next lemma shows that 1# can be approximated by particularly regular 
elements of Wl v with respect to the so-topology: 

Lemma 2.5. There is an increasing net {a L } t in 971^ n M + such that, for any i , 
the orbit IBs i — > af(a,) G M has an entire extension C 3 z i — > <jf(a L ) G M and 

- af{a L ) G Vll v , crf(a L )* = of (a t ) , \\af (a L )\\ < for all i and z G C , 

- so — lim af(a L ) = 1h for all z G C . 

i 

Nets {a t } t as in Lemma f2.5l (called in § 1 , regularizing nets for ip) will be 
used to prove the following description of 91 v : 

Lemma 2.6. (1) For x G M and c > , 

x G and < c ||a; J v Vtp\\ < c\\y\\ for all y G M v . 

(2) For x G M and £ G i? , 

x G Dl v and a;^ = £ x J^y^ = J v y J v £ for all y G 9Jt v . 
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Using the above lemma, we get immediately 

wo - / f(t) of (a:) dt G 9^ and 
jr 

(wo- f f(t)af(x)dt) = f /(t)A« 



/ G L 1 (R) , a; G 9t ¥ 



(2.27) 



= /(log A^JEp , 
where / is the inverse Fourier transform of / : 

/(A)= / f(t)e lXt dt 7 A e R . (2.28) 
Jr 

Indeed, by (|2.5(l and (|2.3(l we have for every y G 01 v 

[wo- f(t)af(x)dt)J v ,y lp = / f(t)(af(x)J ip y ip )dt 

V JR / JR 

/(*) (J v yJ v vt{ x ) v ) dt 
= J v yJ 9 I f(t)A*x v dt, 

JR 

so we can apply Lemm.a r2.6l f2') to wo — / /(i) o~£(x) dt and / /(t) A^ x v dt . 

Jr Jr 
If ip is bounded, then the linear mapping M 3 x i — > x v = x £ v G if is bounded, 

but its inverse is in general not bounded. For unbounded ip even x i — > x^ is not 

bounded. Nevertheless, both y\ v 3 x i — > x v £ H and its inverse have a dominated 

continuity property with respect to the wo-topology on M and the weak topology 

on if , called in |43j. §2, Lebesgue continuity. For the proof of Theorem 12.11 we 

need the following variant of Section 4.6, Propositions 1 and 2, concerning the 

Lebesgue continuity of x i — ► x v and x v i — ► x : 

Proposition 2.7. Let M C B(H) be a von Neumann algebra, in standard form 
with respect to a normal semifinite faithful weight ip. on M , and {x t } t C 91^, a net. 

(1) If wo— lim x L =x G M and sup ||(x,,)^|| < oo , thenx G 9t v and (x,,)^ — — ► x v 

m the weak topology of if . 

(2) If (x t ) v — -* £ G if in the weak topology of H and sup ||x t || < oo , then there 

exists x G OT^, such that wo — lim x L = x and x v = £ . 

Let % v denote the set of all x € 2l v such that K 9 s i — > oif (x) G M has an 
entire extension C 3 z i — ► erf (x) G M satisfying cr^ (x) € 2l v for all z G C . Since 

x , y eT v => xy G and cr%(xy) = a%(x) CT z (y) , 2 G C, 

x G ==> x* G 2^3 and offx*) = of (x)* ,zeC, 

X v is a *-subalgebra of % v , called the (maximal) Tomita algebra of ^ . 

In the next variant of 35 , 10.21, Corollary 1, certain standard properties of the 
Tomita algebra T v are formulated. 

Proposition 2.8. Let M C -B(if) be a von Neumann algebra, in standard form 
with respect to a normal semifinite faithful weight ip on M . Then 

x e 1 V , z e C x v e Dom(A^) and a%(x) v = A™ x v (2.29) 
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and, for every y G 2l v , there exists a sequence {y n }n>i in T v such that 

- Vn V and y* y* , 

y v and [yX)f — * iv*)<p * n ^ e n °rm-topology of H . 

- ht{y n )\\ < e n(3z)2 ||y|| for alln>l and z G C , 

- \\&$(Vn) v \\ < e^'\\yj, \\A»(y*)J < e n ^ 2 \\(y*)J for all n > 1 
and z G C . 

We notice that the set <5 V of all x G % {p , for which 

\\vMx)\\<e^**\\x\\, \\^xj <e c M**\\x v \\, zeC 

with c(x) > a constant depending only on i, is a *-subalgebra of 1 V and for 
every y G 2l v there exists a sequence {y n }n>i in &<p such that 

- y n 2/ and y*~^y*, 

- {Vn)ip > 2Ap and > (y*)^ in the norm-topology of 

(see ESI, 10.22). 

(e) Hermitian maps. 

Let H , K be Hilbert spaces and M C B(H) , iV C B(K) von Neumann algebras, 
in standard form with respect to the normal semifinite faithful weights ip on M and 
ip on N . An essential role will be played by the fixed point real linear subspaces of 
K and H under S^, and S v , respectively: 

K s * = U G Dom (^) ; ^ £ = £} , s - = {?? G Dom (S v ) ■S v i 1 = f 1 }. 

They have been used by various authors earlier: see, for example, |29j and 
Let us formulate the basic properties, for example, of K * : 

Lemma 2.9. (1) K s ^ = {x^ ; x* = x G 9Ly,} . 

(2) £ G K belongs to K s ^ if and only if (£ | J^x^) G K /or o/Z = x G Ot,/, . 

(3) £ G K belongs to K * if and only if (£ | x^) — (J^ (x*)^ | £) /or 

(4) Dom S-ip = AT S ^ + i if s * . 

Definition 2.10. (1) T G B(K,H) is said to be Hermitian with respect to the 
weight pair (ip, ip) if 

TK S * C H s * . 
(2) T G B(K,H) is said to implement ip in tp if 

x€%j, => TxT*em v , (TxT*) tp = Tx i ,. 

Statement (3) in the next lemma explains why we call the fulfilment of the 
implication in Definition 12. 1UI (2) "implementation of ip in tp by T". 

Lemma 2.11. (1) T G B(K,H) is Hermitian with respect to (ip,cp) whenever it 
implements ip in ip . 

(2) IfTe B(K, H) implements ip in p , then TNT* C M . 

(3) If an isometric T G B(K, H) implements ip in p , then N 3 x T xT* G M 
is an infective *-homomorphism and 

ip(a) = p(TaT*) , < a G . 
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(4) For bounded tp and tp and the corresponding cyclic and separating vectors 
£*l> — 0-k)i/> and r] v — > an injective T £ B(K,H) implements in ip 

if and only if 

TNT* d M and T* T) v = ^ • 

The following result provides important criteria for Hermiticity: 

Theorem 2.12. (Modular Extension Theorem) Let M C B(H) , N C B(K) be von 
Neumann algebras, in standard form with respect to the normal semifinite faithful 
weights tp on M and Tp on N . Then for T £ B(K,H) the following conditions 
(1) — (8) are eguivalent : 

(1) T is Hermitian with respect to (ip,tp) ; 

(2) Tx 4 , £ H s *> for all x* = x £ %/> ; 

(3) (T I J v y v ) £ R /or all x* — x G 91,/, and y* = y G 91^ ; 

(4) For every a; G 21.0 and y G 2l v we /iaue 

(Txj, | J v = [J v (y*) v | T (af*)^) ; 

(5) T5 V , C S^T; 

(6) A X J 2 T A^ 1 ^ 2 zs defined on Dom A^ 1 ' 2 and coincides there with J V TJ^; 

(7) J<pT*J v is Hermitian with respect to (tp,ip) ; 

(8) (Modular Extension Condition) 13s — ► A™TA^ is £ B(K,H) extends 
to a bounded so-continuous map 

3^3 z^T(z)£B(K,H), 

analytic in §_i/2 and satisfying 

T(- l -)=J v TJ^. (2.30) 

Moreover, if the above equivalent conditions are satisfied, then, with the notation 
from the Modular Extension Condition (8), we have 

\\T(z)\\ < ||T||, zeST^, (2.31) 

T(z + t) = A*T(z)A^ t , z£^j;,t£R, (2.32) 

T(s- 1) = J lp T(s) Jj,, s£R (2.33) 
and T(s) is Hermitian with respect to (ip, ip) for all s £ R . 

(f) Generalization of the structure theorem of Borchers. 

Let M , N , ip , ip be as in the preceding subsection, and T £ B(K, H) Hermitian 
with respect to (ip, tp) . Then, by Theorem EH the orbit R 3 s i — ► A™ T A~ is of 
T has a bounded so-continuous extension T( ■ ) to §_i/2 , analytic in §_i/2 , which 
satisfies the boundary conditions 

T(s) is Hermitian with respect to (ip, tp) for all s £ R , 
J v t(s— — J J^, = T(s) is Hermitian with respect to (^i, tp) for all s G R . 
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The next extension of a structure theorem of H. J. Borchers (jZj, Theorem B, see also 
[Hj, Theorem 11.9 and Theorem 2) shows, in particular, that also the converse 
statement holds, that is any bounded so-continuous map §-1/2 — ► B(K, H) , which 
is analytic in §_i/2 and satisfies the above boundary conditions, arises from a 
Hermitian T E B(K,H) as above. 

Theorem 2.13. (Generalized Structure Theorem) Let M C B(H) and N C B(K) 
be von Neumann algebras, in standard form with respect to the normal semifinite 
faithful weights p on M and ip on N . Further (ef0^/5€l,2 o and Si be Lebesgue 
null sets in R , and 

\ (S G U (E 1 + id)) 3 z .— » T(z) E B(K, H) 
be a bounded map which is analytic in and satisfies the boundary conditions 

(i) T(s) is Hermitian with respect to {ip, (p) for aUseK\5„ and 

T(s)=wo- lim T(s + it), sel\S 01 (2.34) 

0<t//3-»0 

(ii) J v T(s + i[3) J,p is Hermitian with respect to {ip, p) for all s 6 M\ Si and 

T(s + iB) =wo- lim T(s + it) , s € R \ Si . (2.35) 

i>t//3->a 

Then, for some T G B{K,H) which is Hermitian with respect to (ip,p) , 

T( S ) = A^TA^, sGH\S . (2.36) 

Hence the given map z t— > T(z) extends to an so-continuous map on the whole E>p 
and, with the same notation T( ■ ) for the extension, it satisfies 

T(z + 2Bt) = A- it T{z)A i *, ze^fel, (2.37) 

T(s + 0) = J v T(s) J^, set. (2.38) 

Remark. Our theorem owes much to Borchers' work, its proof being based on the 
main idea of the proof of Theorem B in [7]. Nevertheless, our approach has several 
features of generality: 

(a) z 1 — > T(z) is not assumed to be so-continuous on the whole S,9 , but only the 
existence of radial limits are assumed almost everywhere on the boundary. In our 
application to the proof of Theorem 12. II we shall use Theorem 12 . 131 with S D = {0} 
and Si = . 

(b) We are considering the case of arbitrary normal semifinite faithful weights tp 
and tp , without assuming their boundedness. 

(c) On the boundary we assume only the Hcrmiticity of T(s) and J v T(s + i@) 
rather than the implementation of ip in tp by these operators. The advantage of our 
assumption consists in its linearity, which allows "mollification", while Borchers' 
assumption is of quadratic nature, more difficult to handle. 

(d) Our proof is made more elementary, avoiding most arguments of the two- 
dimensional complex analysis and using instead of the Malgrange-Zerner Theorem 
only the elementary Osgood Lemma (the Hartogs Theorem for continuous func- 
tions) along with the Morera Theorem (one-dimensional edge-of-the-wedge theo- 
rem). 

(g) Complements to the implementation theorem of Borchers. 
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Based on the ideas from pQ, an invariant subspace theory was developed in |44| 
for the "bounded analytic" elements associated to an so-continuous one-parameter 
group {ctt)teM of ^-automorphisms of a von Neumann algebra M C B(H) . This 
theory allows, starting with an already existent one-parameter group of unitaries 
on H which implements a , to construct canonically a new implementing group of 
unitaries on H , which has a minimality property and inherits certain properties of 
the ^-automorphism group a (see yQ, Proposition in Section 3, where the idea is 
formulated in the realm of a particular situation, and |44| . Theorem 5.3, Corollary 
5.4, Lemma 5.11 for the general theory). 

The above method yields a proof for the one-parameter version of the celebrated 
implementation theorem of Borchers ja], claiming the innerness of a whenever it 
is implemented by a one-parameter group of unitaries \U(s)) ^ having positive 
generator (see [T], Theorem 3.1 and Corollary 5.7). Moreover, as we shall see 
in the next theorem, the obtained canonical inner implementing group of unitaries 
inherits certain commutation properties of the ^-automorphism group a . 

We recall that, if M is a von Neumann algebra and (a s )seM is an so-continuous 
one-parameter group of ^-automorphisms of M , then the spectral subspace of a 
corresponding to a closed set F C M is defined by 

M a (F) = \ xeM;wo- [ f(s) a s (x) ds = if / G L^K) , F n supp(/) = } , 

where / denotes the inverse Fourier transform of / (sec 1 , Definition 2.1). 

Theorem 2.14. Let M C B(H) be a von Neumann algebra and P a selfadjoint 
operator in H , such that P is bounded below and Ad exp(zsP) leaves M invariant 
for all s el, defining thus an so-continuous one-parameter group (a s ) se R of *- 
automorphisms of M . Then there exists a unique injective b £ M , < b < 1# , 
such that 

(i) a s (x) = b~ ls x b is , seR, xeM , 

(ii) for any injective d € M , 0<<i< ljj , such that the implementation relation 
a s (x) — d~ ls xd ts , s G M, x G M holds, we have 

X (0 , e *](&) <X (0te ^(d), AeK, 

where X/ e Aj stands for the characteristic function of (0, e A ] . 

Moreover, 

(iii) for every Ael, x^ Q e Aj (b) is the orthogonal projection onto 

|^| the closed linear span of M a ([—//, +oo)) H , 

(iv) for any *- automorphism a of M and A CT > , such that a o a s — a x ^ s o a 
for all set, we have a(b) = b x ° . 

The above theorem will be used in the proof of Theorem 12. 21 

(h) Summary of the remaining part of the paper. 

The remainder of this paper presents proofs for the above results: 

- Theorem 12.31 and Proposition 12 .41 in Section 3, 

- Lemma \'2. 51 Lemma f2. 61 Proposition 12 . 71 and Proposition 12.81 in Section 4, 
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- Lemma \'2. 91 Lemma \'Z . 1 II and Theorem 12. 121 in Section 5, 

- Theorem 12. 131 in Section 6, 

- Theorem 12. II in Section 7 and, finally, 

- Theorem EH and Theorem E2 in Section 8. 

3. The Analytic Extension Theorem 

The aim of this section is to prove Theorem 12.31 and Proposition ^. 41 
Proof of Theorem 12.31 

The equivalence of conditions (2), (4) and (5), as well as the three additional 
statements (l2~2~4) . (j2~2l)l . (|2~^|l were proved in |12j . Theorem 6.2. 

For the proof of the remaining part, we introduce the following notation: let 
K C {B) and H C (A) be the set of all vectors £ £ K and r\ £ H , respectively, with 
compact spectral support for log B and log A , respectively. For such £ and 77 , 
C 3 z 1 — ► B tz £ and C 3 z 1 — ► A lz 77 are analytic functions of exponential type with 
respect to Imz and they are uniformly bounded in Sp . Furthermore, K C (B) C K 
and H C (A) C H are dense linear subspaces and they are cores of B lz and A lz for 
every z £ C , respectively. 

Proof of (2) =>• (1). The uniform boundedness of Sp 3 z 1 — > T(z) and its so- 
continuity are to be proved. The latter is automatic on Sp , where T( ■ ) is analytic. 
Let £ e K C (S) and r, £ H C {A) . Then 

(T(z)Z\r,) = (TB- iz ZlA-^r,), z £S~p , 

because the analytic function C 3 z 1 — ► (T B~ lz £ | A _lz 77) and the continuous 
function 9 z 1 — > (r(z) CI 7 ?); which is analytic in the interior, coincide on R . 
By (I2.24|) and by the density of H C (A) in H , it follows that 

T{z)t = A"TB-* z H, z£Sp~, t£K c {B). (3.1) 

Since \\A lz T B~ lz \\ = ||T|| for z G K and ||A lz TB- 4Z || = \\A~PT A?\\ for 2 e 
K + i /? by (5) , we have by the Three Line Theorem 

|(T(z)f|t;)|<max(||T|| J ||A-' 3 T^||)||f|||| f? ||, z £Sp~ , 

obtaining thus the uniform boundedness of Bp 3 z 1 — ► T(z) . 

Due to this uniform boundedness, it suffices to prove the convergences 

_lim ||T(z)£- A is TB- is £\\ =0, seR, (3.2) 

_ lim ||r(z)£-yl 4S -' 3 TB~ 4;5 +' 3 £|| = 0, s£R (3.3) 

for £ € K C (B) . We give a proof explicitly only for j3 > , the treatment of the case 
(3 < being completely similar. 

Let -E denote the spectral projection of log A corresponding to (—00, 0] . Owing 
to i|3.1[l we can split T(z) £ as follows: 

T{z) = (A lz {l H -E))T B- lz £ + {A lz+(3 E) (A~ f3 T B !i ) B^^ £ , z £Sp~ . 

We note that 

A iz (1 H - E) is defined on H and \\A lz (1 H - E)\\ < 1 for all z £ C, Imz > 0, 
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A iz+p E is defined on H and \\A iz+f) E\\ < 1 for all z G C , Imz < . 
Now the norm-continuity of §p 3 z i— > B~ lz ^ and §p 3 z i— > B~ lz ~ /3 £ , the so- 
continuity of 9 2 i— > A 4Z (ljj — £J) and 3 A lz +0 j$ ; anc j the boundedness 
of A-PTBP on -ftT c (B) yield the convergences <|3.2[1 and l|3.3[l . 

Proof of (1) (3): obvious, with !B = R . 

Proof o/ (3) =>■ (4). We proceed in three steps. 

Step 1. First we quote some results from the theory of the Hardy spaces on the 
disc. Let H°°(B>) be the Banach algebra of all bounded analytic complex functions 
on the unit disc 

D = {zeC; \z\ < 1}. 
Any g G -ff°°(B) has a non-tangential limit 

g(() = lim g(z) 

for almost all £ in the boundary <9 O of B (the unit circle) due to Fatou's Theorem 
(see, for example, the second Corollary on page 38 of |201 or the theorems on pages 
5 and 14 of EU). Furthermore, the map H°°(p) 3 g i — > <? G L°°(<91D>) obtained 
this way is an isometric algebra homomorphism. On the other hand, the range 
{g; g G H 00 ^})} of the above homomorphism is equal to 

{tp G L°°{dB) ; / i){e ls ) e lks ds = for all k = 1 , 2, . . .} 



and hence it is weak*closed (see, for example, §20.1). We notice also that, 
according to a uniqueness theorem of the Riesz brothers (see, for example, the 
second Corollary on page 52 of [2D1 or the Theorem on page 76 of HJ|)j ^ f° r some 
g € H 00 (IS) the boundary function g vanishes almost everywhere on a Borel subset 
of <9ID> with non-zero arc length measure, then g = . 

We consider the one point compactification of the right half and the left half 
of Bp and denote each added point by +oo and — oo , respectively. We extend the 
function 

S>\ {+1 , -1} 9 C— > */s(0 - ~ log (i g 

to be +oo at £ = +1 and — oo at £ = — 1 . Then the extended function 

D3(^ <MC) = ~ log (i e^U{-co, +00} 

is a homeomorphism, mapping D onto conformally, and the boundary dD onto 
U | — oo , +00} absolutely bicontinuously with respect to the arc length mea- 
sures: if 3 is a Borel set in 9 ID), then S has arc length measure if and only if 
has arc length measure 0. Moreover, $,3 maps paths in D tending to a 
C G 9B\{1, — 1} from within a sector of opening < ir having vertex at £, and 
symmetric about the inner normal to d B in £ , to paths tending to 3? /3(C) £ <9§/3 in 
a similar non-tangential way. Therefore, if / G H°°(S/3) , the non-tangential limit 

exists for almost all £ in 9 §,3 by Fatou's Theorem applied to / o $^ . Similarly 
we can transcribe the above quoted results concerning iJ°°(D) in the setting of 
H°°(§f3) : H°°(Sp) 3 g 1 — ► g G L oc (9S | g) is an isometric algebra homomorphism 
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with weak* closed range in L°°(9S / 3) and / £ H°°(§/3) is equal to zero whenever 
/ vanishes almost everywhere on a Borel subset of with non-zero arc length 
measure. 

Step 2. We consider the map 

F : K x H 3 (£ , rj) e {/; / e ff 00 ^)} C L°°(5S^) , 

where, as noticed in Step 1, {/ ; / S -ff°°(§^)} is a weak*closed subalgebra of 
L°°(dSjs) . The function /^ )7J is uniquely determined by 1(2.23(1 due to the uniqueness 
result quoted in Step 1 . Since the right hand side of ((2.23(1 is sesquilinear in £ and 77 , 
the mapping F is also sesquilinear. We shall prove in this step that F is bounded. 

We first prove that the graph of F is closed. Suppose that £ n — > £ D , rj n — > r\ 
and f(- n „ n — ► lo with respect to the norm of L°°(<9S^) , hence also fe n „„ — ► f 
uniformly. By the continuity of the right hand side of 12.23(1 in £ and 77 , f a has to 
satisfy 1(2.23(1 for £ = £ and 77 = r\ almost everywhere on the set S D . Therefore 
f = /{ ,r; ■ again by the uniqueness theorem of the Riesz brothers, proving that 
the graph of F is closed. 

Let us consider F(£ , • ) for a fixed £ . Denote by H the conjugate of the Hilbert 
space H and by rj the canonical image of 77 <E H in H . By the above proved 
closedness of the graph of F , the graph of the linear map H 3 rj 1 — ► F(£ , rj) £ 
L°°(dE>p) is closed and hence, by the Closed Graph Theorem, 

\\F(Z,r,)\\<c £ \\r,\\, V £H 

for some constant > depending on £. Thus F(£ , •) : H — > L°°(dSp) is 
bounded. 

Now we prove that the graph of the linear map 

K3t^F(t,-)£B(H,L°°(dS )) 

is closed. Suppose that £ n — ► £ Q and F(£„ , • ) — ► T a with respect to the norm of 
B(H , L°°(dSp)) . Then, for every rj £ H , F(£ n , 77) — ► T D 77 and by the closedness 
of the graph of F it follows that T a 7/ = F(£ ,rj). Thus T Q = F(£ , • ) . 
By the Closed Graph Theorem 

\\F{Z,-)\\<cU\\, ZeK 

for some constant c > , so 

\\F(Z, 77)|H ess sup |7^(C)|= sup |/ Si7) (z)| <c||£||NI, (j£K,rj£H. 

Step 3. We now take £ £ K C (B) , 77 € £T C (A) . Then 

is an entire function satisfying the boundary condition 1(2.23(1 . so that = 
by the uniqueness theorem of the Riesz brothers. Therefore 

IscOOl <c||C|||H|, 

and hence the same estimate holds for all z £ by continuity. This implies 

TB- iz ££ Dom(A iz ), 
because H C (A) is a core of A 12 , and 

\\A iz TB- iz a<cUh «es;. 
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Since K C (B) is a core of B %z , setting z — i (3 we obtain (4). 

□ 

Proof of Proposition E31 

Let us denote: 

by At the translation operator £ i — > £(• — t) on L 2 (R) , t G R, 
by at the ^-automorphism Ad (At) of B{H) , fet, and 
by b the multiplication operator with e~ e on L 2 (K) . 

Clearly, (cet)teM is an so-continuous one-parameter group of ^-automorphisms of 

B{H) , < b < 1l 2 (r) an d b is injective. Since 

a t (b) = At 6 At = b e ~ wt , teR, 

we have 

a t (b is ) = A t fr is A t * = b ise ~^ , t , s G M. (3.4) 
By the Stone Representation Theorem there exists an invertible positive selfadjoint 
linear operator A on L 2 (R) such that A t = A u , t G R . Then 

a t = Ad^*), <eM. (3.5) 
Let s > be arbitrary. Since < b < 1j,2(k) and 3? (ise~ 7rz ) = s e _7rKz sin (7r3z) , 
the complex power b lse " G i?(L 2 (R)) is defined and || b lse " \\ < 1 for every z in 
the closed strip §i . Using (|3.4|l . it is easily seen that 

F\ ■ Si 3 z i — ► 6 4se ~'" G B(L 2 {R)) 

is an so-continuous extension of R 9 £ i — > a t (b ts ) , which is analytic in §i and 
whose value at i is b~ ls . Taking into account 1)3. 5[l . Theorem 12 . 31 yields that 

Dom(A _1 &"A) = Dom (A) and A~ 1 b ls A c 6~ iS , 

that is A~ l b is A = b- ls | Dom (A) . Therefore 

Dom (A~ 1 b~' ls A) = 6~ is ( Dom (A)) is dense in H and A -1 6 _i M C . (3.6) 

But 

Dom (A _1 &- <a A) is not a core of A . (3.7) 
Indeed, assuming that Dom (A~ 1 b~ ls A) is a core of A, (|3.6|) and Theorem 12.31 
imply that K3( i — ► at(& _4;i ) has a uniformly bounded so-continuous extension 

F 2 :Sx~^B(L 2 (R)) , 

which is analytic in §i and whose value at i is b ls . Then 

§77 9 z i— » F 2 (z)* G B(L 2 (R)) 

is an so-continuous extension of R 9 t i — > o/t(6 ls ) , which is analytic in §_i and 
whose value at —i is b~ ls . Consequently, K9t i — > a t (b ts ) has a uniformly bounded 
so-continuous extension 

Fx{z) if3z>0 



F:§iU§-i9z 



F 2 (z)* if %z < 



which is analytic in the interior and which takes the same value b~ ls at i and — i . 
Then, by 1)2.26(1 , F is periodic of period 2 i , so it extends to a uniformly bounded 
entire mapping, which must be constant by the Liouville Theorem. Thus the orbit 
R 9 t i — ► a t {b ls ) is constant, that is b ts commutes with every A t . Since b ts is 
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the multiplication operator with M 3 r i — ► e~ lse on L 2 (R) , this means that the 
above function is constant, what is plainly not true. 

By (I3.6[l and by l|3.7|) we conclude that, choosing v = b~ ls with s > , A _1 vA 
is densely defined and bounded, but Dom(A~ 1 vA) is not a core for A. 

□ 



4. Lebesgue Continuity, Tomita Algebras 



In this section we prove Lemmas 12.51 and 12.61 as well as Propositions 12.71 and 
|2~%1 Throughout this section M C B(H) will stand for a von Neumann algebra, in 
standard form with respect to a normal semifinite faithful weight Lp on M . 

Proof of Lemma 12.51 

Since 9Jl v is a hereditary *-subalgebra of M , there is an increasing approximate 
unit {6 t } t for 9Jl v (for example, the upward directed set {b G Wl v n M + ; ||6|| < 1} , 
labeled by itself). Then, by the so-density of 9Jl v in M , we have so — lim b L = ljj ■ 
Setting 

1 f°° _ 2 

a L = —=wo- / e t crf(b L )dt, 

{a L } L is an increasing net in M + such that every orbit 

1 f°° 

M9si — ► af(a t ) = —= wo- / e~^~ s ^ 2 af (b,) dt G M 
has an entire extension 

C 3 z i — ► o-ffaj = -= wo - / e-^'af (6 t ) dt € M . 

V 71 " J-oo 

Clearly, tr^(a t )* = a^(a L ) for all i and z G C . Since, for every zeC, the function 

R3( > e~ ( *~ z)2 = e -(*-^) 2 +( c - )2; ) 2 e2 i (t-SR z )9 z 

is of the form fx- h+i (/ 3 - U) with < fj G £ X (K) , 1 < j < 4 , using J231) we 
deduce easily that 

o\f (a t ) G 9Jt v and |K(a,,)|| < e (9z)2 for all i and z G C . 

On the other hand, so — lim £> t = 1h yields 

i 

so — lim ojf (a,,) = 1# for all z G C . 

□ 

Proof of Lemma 12.61 

First we prove that 

y G 2t v R Dom , ) , a* t (y) G 21^ ==> <r^ 4 (y) v = J v . (4.1) 

2 2 2 

For let a; G 21^ be arbitrary. Then i|2.5|) yields 

a^^y) J v x v — J v x J v a t ^ L {y) v . (4.2) 
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1 _i 

On the other hand, since J v x v = J v S v (x*) v = Aip {x*) v £ Dom(A v 2 ) , using 
Theorem 12 .31 we obtain 

i _ i i 

a _±(y) x v = A£y A v 2 J v x v = A£ (yx*) v = J v S v {yx*) v = J v x(y*) v (4.3) 

2 

Now, and imply 

2 

and by the so-density of 21^ in M 9 1// we conclude that <J^±(y)ip — Jtp (y*)<p ■ 

2 

(1) If x £ 9t y , then by |2~5J 

llxJ^y^H = || J v yJ v x v || < ||t/|| H^ll , y e Vl^ D VJl^ . 
Conversely, assume that x £ M and c > are such that 

IMpVvll <c||vll. yeWl^. (4.4) 
Let {a t } t be a net as in Lemma 12.51 Then we have for every i 

||^(aJ*zW,K)|| < ||x|| 2 ||^ s K)|| 2 < |M|V/ 2 

2 2 2 

and, according to 1|4.1|) and l|4.4|) . 

(^(cr^ i (a l )*x*xa v _ i (aj) = || x a 1 ^ f (a t ) J| 2 = || a; X, (a t )^|| 2 < c 2 ||a t || 2 < c 2 . 

2 2 2 

Since a^_ ± (a L )*x*x a l( ^ j _(a^) = <j v L {a L ) x* x a^ ± (a^) — — > a;*x in the so-topology and 

2 2 2 2 

93 is lower wo-semi-continuous on the bounded subsets of A/ + , it follows that 
ip(x*x) < c 2 , that is x £ 91^, and ||x y || < c. 

(2) Since the implication "=>." is an immediate consequence of Ij2.5|) . we have 
to prove only the converse implication. For let x £ M and £ G i? be such that 

x J v y v — J v y J V S, , y e OJl^, . (4.5) 

Then l|4.4l) holds with c = ||£|| , so by the above part of the proof we have x £ 9^ . 
But then (|2.5|) and l|4.5|) yield 

J y J ip x^p — x 3 tp y^p — J \p y J r <p ^ , 

so by the so-density of 971^ in M 3 lj; we conclude that x v = £ . 

□ 

Proof of Proposition [2771 

(1) Let T> be the linear span of {J v a* J v b v ; a , b £ 9^,} , which is dense in H . 
Define the linear functional F : T> — > C by 

F{m) =)im{r 1 \{x L ) v ) , V £V, 
where the limit exists due to the convergence 

l2~5l 

1 / j r 1 n ! 

(4.6) 



— > {b v I x J v a v ) . 

Since F is bounded by 

||F|| <sup \\{x L )J <oo, 
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it extends to a continuous linear functional on H , and hence there exists £ G H 
satisfying F(rj) — (77 1 £) for all r\ £ T> . In particular, by l|4.6JI . 

(b 9 I x J v a v ) = F(J V a*J v b v ) = (J v a* J v b v \ £) = (b v | J v a J v £) , a , b <G Ot^ . 

This implies that x J v a v — J v a J v £ for all a £ 9^ and by Lemma 12. 61 (2^ we get 

x € 91^, and x v = £ . 

Furthermore, 

lim(77|(x t ) v ) =F(t?) = (v\0 = (V\x v ), VtV, 
the density of T> in H and the boundedness of the net {(a;,,)^},. yield that 
( x l)<p m the weak topology of H . 

(2) Let ifMbe any wo-limit point of the bounded net {x L } L . Then, for every 

|2\5I 

a £ 9t v , x J v a v is a weak limit point of the net {x L J v a v } L = {J v a J v (x L ) v } L . 
Since (x L ) v £ , we deduce 

and, using Lemma EH (2), we obtain 

x G yip and x v = £ . 

By the injectivity of the mapping y\ v 3 y 1 — > y v , the uniqueness of the uio-limit 
point x of {x L } L follows and we conclude that wo — lim x L = x . 

a 

Proof of Proposition 12751 

First we show that every y G % v can be approximated by a sequence {y n }n>i 
in 1 V as required in the statement and such that l|2.29|l holds for x = y n , n > 1 . 



Set 



Vn= \j~ wo- I e nt 'af(y)dt, /> 1 . 



Then every orbit 

M9s 1 — > a v s {y n ) =J-wo- I e -" (t ~ s) Vf (y) dt G M 



in 

has the entire extension 



3 z .— > aUVn) = J-wo- I e- n ^ 2 af(y)dt G M (4.7) 

^ J —OO 

and by (|2.27|) we have af (y n ) G 9^ for every z G C . Similarly, 

K3s 1 — ► vt(Vn) — \[^- wo ~ r e-< t ~^at(y*)dt G A/ 



has an entire extension C 3 z 1 — > crf(y*) and crf(y*) G 9t v for every z G C . Since 
"Jf(Vn)* = 4(y n *) , we have 

<r*(y n ) G (9^)* n 3^ = , n>l,zeC, 

that is y„ € for all n > 1 . By the so-continuity of R 9 f 1 — > o-'f(y) G M and 
Mat 1 — > o-f(y*) G M we get y„ -^-> y and y* , while using 

l-n(i-z) 2 | _ I e -n(t-Mz) 2 e n(Qz) 2 g 2 n i(t-»») 3* I _ e -n(t-!Rz) 2 g n(Sz) 2 g\ 
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it is easily seen that ||<(y„)|| < e"( Qz ) \\y\\ for all n > 1 and z € C. 
On the other hand, by (|2.27J) we have 

{Vn) v = sj^ £ e~ n{2 A 1 * Vip dt , ( V :) v = ^ J~ e""* 2 A« eft 

and by the norm-continuity of M 9 t i — > A^* y v e H and l3i i — > A^(y*) v S i? 
we get the convergences — ► and — > m the norm-topology. 

Furthermore, every orbit 



R9s — ► 
has the entire extension 



A " (»»)*> = I" e -" ( *~ s)2 A;* y v di S if 



C 9 z ^ y e -»(*-*) a AjJ y v dteH 

and thus (see |2E], Lemma 3.2 and Theorem 6.1) {y n ) v S P| DomA^ and 

zee 

A " = y| /" e_ " ( ^ 2)2 A £ f*» d *> z e C • ( 4 - 9 ) 
Similarly, (y*)^ e Q DomAjf and 



zGC 

/>00 



Moreover, using 14.8|l . we get for every n > 1 and z € C 

HAjfG/nM <e"^ 2 ||^||, ||Aj?( Vn *)„|| <e"^ 2 ||(j/*) v ||. 
Finally, for every n > 1 , gjj), (|2~27|) and yield 

°t(Vn) v = \P- [°° e- n ^ 2 at(y) v dt = A™(y n ) v , zeC, (4.10) 



hence (|2.29|) holds for x = y n . 

It remains to prove that (|2.29|) holds in full generality First we show that 



xeZ v ,zeC,x v e Dom(A; 2 ) =*> a%(x) v = A™ x v . (4.11) 
By Lemma 12.61 this is equivalent to the implication 

x z eC , x v e Dom (A^ 2 ) , y e % v ==> cr£(a;) J v y v = J v y J v A™ x v , 

what we now are going to prove. Choose a sequence {y n }n>i in 2^ as in the above 
part of the proof. For each n > 1 , (j/n)^ € Dom (A~ lz ) implies by (|2.1|l that 

^ (j/n)*> € Dom (A" 12 ) and A~ lz J v (y n ) v = J v A~ l ~ (y n ) v , 
so, according to Theorem 12. 31 

xA~ iz J v {y n ) v = xJ v A" 12 (y n ) v S Dom (Aj 2 ) and 

<7<f (*) J v (y n ) v = A; x A~™J 9 {y n ) v = A™ x J v A"* 2 (y n ) v . ' 4 " ' ' ' 

Since, by ^W^i and by fity . 
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(233 yields 

J v V-ziVn) J v x v G Dom (AJf) and a%(x) J v (y n ) v = A™ J v <r%(y n ) J v x v . 
Using again Q2.1JI . we obtain 

vtM J V * v e Dom (A 1 /) and o*{x) J v (y n ) v = J v A 1 / a%(y n ) J v x v . (4.13) 
Taking into account that x v £ Dom(A^) and, by Theorem 12.31 and by (|2.1|l . 

J v A 1 / a%{y n ) J v D J v y n Ajf J v D J v y n J v , 

(|4.13|l implies the equality crf{x) J v {y n )<p = Jip yn Jip A" x v . Passing now to the 
limit for n — > oo , we conclude that 

of (x) y v = J v y J v A™ x v . 

Next we show by induction on k that 

k_ 

x£% v =!> ^GDom(A^) (4.14) 
holds for every integer k > 1 . Indeed, 

X G T^, C 2t v ==> x v e Dom = Dom (AJ) 
is clear and if (|4. 14|) holds for some k > 1 and x <E 1 V , then we have by (f 4 . 1 1|> 

k 1 k + l 

A^ x v = (T {p _ hi {x) tp € Dom (5^) = Dom (A^) , that is x v £ Dom (A v 2 ) . 
On the other hand, for every x S 1 V and k > 1 we have cr^ .(x) G X v , so (I4.14|) 

k 

yields at -{ x )<p e Dom (Am) and, using (14.1 1|) . we deduce 

k k 

x v = ^.(^LO^L = A l ^LO)? e Dom ( A v') ■ 

2 2^ 2 

Therefore (|4.14|1 holds also for every integer k < — 1 that is 1^ C (^| DomA^ . 

zGC 

This last inclusion together with (|4.11|) imply (|2.29() . 

□ 

5. Hermitian Maps 

In this section we analyse the notion introduced in Definition 12.101 by proving 
Lemma \2. 91 Lemma T2. Ill and Theorem 12. 121 

Proof of Lemma 12.91 

Let £ £ Dom be arbitrary. Then there is a sequence (i„)„>i in 21^, such that 

( x n)i> y £ I { x n)ip y Si/> £ • 

Then, denoting 

£+ = 2 (£ + * S V>£)> C- = ^ «n=2( a; n+0> 

we have 

£ = + S^± = 5 ±) i.e.e±e^, (5.1) 

<i = a n € 9^ , (aj^ — > £+ . (5.2) 
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Since £ + = £ if £ € -ftT s ''" , JOl implies that If 5 * C {x^ ; a;* = ac G 91^,} . The 
converse inclusion being trivial, the equality K * = {x,/, ; a;* = x € 91,/,} follows. 
On the other hand, l|5.1|) implies that DomS^, = K s ^ + iK s ^ . This proves (1) 
and (4) in Lemma \2. 91 

For (2) and (3) we first notice that, for every £ G K * and x G 21,/, , 

(€ I J* = « I ^ ^ CO*) = (£ I a; /2 (x*)v,) = (A^ /2 £ 1 = (j^ 1 . 

In particular, (£ | x^) G K whenever x = x* . 

Conversely, let us assume that £ € if is such that (£ | J^, aty) € K if x* = x € 9T,/, . 
For every x € 2L, we have 

a = — (x + x*) , b = — (x — x*) € 21^, are selfadjoint and x = a + ib , 
hence, by our assumption on £ , 

(C I J4, x^) = - ((£ I a v>) + * (£ I J M) = 5 (( J V' «v I £) + * (J* V 1 0) = 

= ( J4, - (a - i b)^ | £) = ( J v , (x*)^ I . 
1/2 

It follows that (x^, I J,/, £) = ( A^' x^ | £) for all x € 21,/, , hence, {x,/, ; x € 21,/,} being 
a core of A^ 2 , £ belongs to the domain of (A^/ 2 )* = A^ 2 and A.J/ 2 £ = J^C- In 
other words, £ S Dom 5^, and £ = J^, A^; 2 £ = £ , i.e. £ € if s ' / ' . 

□ 

Proof of Lemma 12.111 

If T G B(K, H) implements iJj in tp and x* = x G 91,/, , then 

Taty = {TxT*) v with (TxT*)* = TxT* G 9t v 

and hence Lemma l2.9l fl) implies T K s ^ C , proving (1). In this case the 
inclusion T 91,/, T* C 9t p and the wo-density of %/, in iV imply TNT* C M, 
proving (2). 

If T is isometric in addition, then 

x = T*(TxT*)T , x G AT 

shows the injectivity of the map N 3 x 1 — > TxT* G M, which is clearly also a 
*-homomorphism. Furthermore, < a G 9JI,/, implies a 1 / 2 G 91,/, and 

t/>(a) - ||(a 1/2 UH 2 = \\T{a l l%f = \\(Ta l l 2 T*) v \\ 2 = <p{T aT*) . 

Therefore (3) holds. 

Let us finally assume that ip and ip are bounded and £,/, = (ljf)^ , 7] v — (Ih)^ ■ 
If T G B(K, H) is injective and implements ip in ip , then TNT* C M by the above 
proved (2) and 

TT*T] V = (Tl K T*) v = T(l K )^ = T^, => T*i] v = ^ 

by the injectivity of T. Conversely, if T G B(K,H) is injective and satisfies 
TNT* CM and T*rj v = ^ , then for x G iV 

(TxT*) v = TxT*r/ v =Ti^ =Tx^. 

Hence we have (4). 
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□ 

Proof of Theorem I2TT2I 

(1), (2) and (3) in Lemma [2.91 imply the equivalences (1)4^(2), (2)<S=>(3) and 
(2) 4=> (4), respectively. 

Let us assume that (1) holds. By (4) in Lemma \l. 91 every £ G DomS*^ is of the 
form £ = £1 + i £2 with £1 , £2 G if 5 ^ . Hence we get 

T(0 =T(£i)+iTfa) G H s *+iH s - c DomS v , 

S v (T(0) =T(h) -iT(&) =T(Z l -i&) = T(S i ,(Q) , 

proving (5). Conversely, if (5) holds, then we have for every £ G i^ 5 * C DomS^, 
T(0 G DomS, and S v (T(0) = T(S^(0) = T(0 , 

so T(£) G . Therefore (1) 4^ (5). 

' 1 *~ — \^ Uty aim — tA^ u v , 



Since J,/, is involutive and, by (|2.2|) . S 1 ^, = A , and = A^ 1 ^ 2 , (5) is 



equivalent to 

TA~ 1/2 cA~^ 2 J v TJ^. 
This equation, in turn, is equivalent to the validity of 

A*/ 2 T A~ 1/2 £ = J v TJ^t, £ G Dom A^ 1/2 

and thus (5) 44> (6). 

We have already seen that (1) (3). Applying this equivalence to T*J V , it 
follows that J.0 T*J V is Hermitian with respect to 1/;) if and only if 

( J^p T*J v y v I J^pXtf,) = I T*J V y v ) = (Tx^ \ J v y v ) 

is real for all x* — x € 91,/, and y* = y G 91^ . But this means exactly (3), so 
(3)o (7). 

By the equivalence of statements (1) and (5) in Theorem 12.31 with A — A v , 
B = A0 , (3 = — I , and taking into account that they imply (|2.24|) and l|2.25|) . we 
obtain the equivalence (6)<J=> (8). 

Now let us assume that the equivalent conditions (1) — (8) are satisfied. Then, 
by (|2~2l)|) in Theorem O we get |2~32"f). Further, using we obtain (|2~33l) 

immediately from l|2.32|l and (|2.30(l . Since the map T( • ) is bounded and 

||T( S )|| = ||A; s TA^|| = ||T|| , \\t(s- 1 -)\\ ™ \\J v T(s)J4 = ||T|| , set, 

we get also (|2.31|) by the Three Line Theorem. Finally, since K * and H Sf are 
invariant under A^ ts and A" , respectively, for every s G M , due to l|2.3(l and 
Lemma 1231 (1), we obtain the Hermiticity of T(s) = AjjTA^ 8 from (1). 

□ 



6. Generalization of the Structure Theorem of Borchers 

We prove Theorem l2.13l in two steps: first we prove it for the case where 5 Q and 
Si are empty, and then we reduce the proof of the general case to the above special 
case. 

Step 1. Proof in the case of S D = Si = and wo- continuous T( • ) . 
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By our assumptions in this step, 

§^9 zi — >T(z) G B(K,H) 

is a bounded wo-continuous map which is analytic in and satisfies the boundary 
conditions 

(i) T(s) is Hcrmitian with respect to (ip, (f) for all s G K , 

(ii) J v T(s + i/3) J^, is Hermitian with respect to (ip, (p) for all s G M . 

Let and y G T v be arbitrary (for the Tomita algebras T,/, and T v see the 

comments before Proposition ^. 8|) such that 

HAjfavH <e c ^ 2 ||^||, ||A-^|| <e c ^ 2 |WI, zeC (6.1) 
for some constant c > . Consider the functions 

h : C x 3 (z 1? z 2 ) .— » (T(z 2 ) A; IZi ^ | J„ A"'* ^) , 

/ 2 :Cx§^9 (z 1; z 2 ) » (A^ 21+ ^ y v | T(^) A^ 2l + ^ ^) . 
They are continuous and, according to bounded on any set of the form 

{zi£C; |9fzi| < <5} x §^ and {zi G C; |3zi| < 6} X , respectively , <S > . 
Furthermore, the partial functions 

C 9 zi i — >/i(zi,z 2 ), z 2 € §^ , §0 9 z 2 i — >/i(zi,z 2 ), ziGC, 

C 9 zi i — >fi{zi,zi), z 2 e§_ / 3, 9 z 2 — ► h{zi,Z2) , z x e C 

are analytic. 

Now, by (2723)1 and Theorem [27T2J (4), (i) implies, for every zi G C and s£l, 

/i(zi,s) = (IXs)^^ | J v a-t zi {y) v ) = 

= {J 9 {** z M) v \ns) «(*)%) = 
= (J v cr^ 21 (y) v | T(s) o^ Zl (x)^) = 

= (A</ Z1 + 5 y v | T(s) J^, A~ IZ1+5 a^) = f 2 {zi,s) . 

Therefore 

J /i(zi, «2) if 22 6 §(3 , 
\ h{z\, 22) if z 2 G §-p 

is a well defined continuous function, bounded on every set of the form 

{z! G C; |9tei| < (5} x {z 2 G C; |3z 2 | < \0\} , <5 > . 

For each fixed z\ G C, the function §,3 U S_,g 9 z 2 1 — > f(zi, z 2 ) is analytic. Hence, 
by the Morera Theorem (the one-dimensional edge-of-the-wedge theorem, see for 
example 0, 2.1.9.(2) or m, II. 2. 7), it can be analytically extended across K, that 
is the partial functions 

{z 2 GC; |3z 2 | < 9 z 2 ^/(zx,z 2 ), z x G C 

are analytic. Thus we can apply to / the Osgood Lemma (the Hartogs Theorem 
for continuous functions, see for example ^B], Theorem I. A. 2) and deduce that it 
is analytic, as function of two complex variables, on C x |z 2 G C ; |3z 2 | < |/?|} ■ 



/ :Cx {z 2 eC; |3z 2 | < |/3|} 9 (z 1? z 2 ) 
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For every z\ £ C and s£l, (ii) implies by and Theorem 12121 (4). 

= (T(s + i(3) S^A~^ | S v A~ izi y v ) = 
= {ns + i0)J^(atM%\(^M%) = 
= (J v {e*,M% I J * T ( s + W J ^ {x)%) = 
= [J v T(s + i/3) J,p at Zl (x)^ \ J v cr^ Zi = 

= (o-- 2l (y) v I T (s + ifi) &- Zl (x)i>) = 

= (A- i{zi -^y v \T(J^0)J i) A- iizi - i)+i x i) ) = 

= h[zi - |, s- i@) = /^i - ^, s-i0j . 
Therefore, for each sgl, the bounded, continuous function 

g s : {C G C ; |9<| < ^} 3 C — /(C, s + 2 P () , 
which is analytic in the interior, satisfies 

9>( t +l)=9.(t-l), ten- 

By the Morera Theorem, g s extends to a periodic entire function with period i , 
still denoted by g s , which is bounded. By the Liouville Theorem it follows that g s 
is constant, hence we get successively 

/l( o !S ) = / ( o )S ) = , s( o) = , s (zf)=/(^ > o) = / 1 (zi,o) ) 

(T(s) Xi , | J v y 9 ) = (T(0) aJ* ^ | J v aJ* y v ) = 

^(A^T(O)Aj^lJ^). 

By the density property of T v stated in Proposition 12.81 the above equalities 
imply that 

T(s) = A~ lfr) T{Q)A l f\ seR, 

hence (|2~^ holds with T = T(0) . From and (|2~*?3)l in Theorem I2TT21 we 

obtain (|2~?7jl and 

S'tep 2. Proof in the general case. 

Let us consider, for any integer n > 1 , the entire function 



C 3 2,— »/„(«) 

and the mollification of T( • ) 

/>oo 

— >T n {z)=wo- I f n {t)T(t + z)dteB(K,H). (6.2) 



We notice that the mapping 1st i — ► T(i + z) 6 B(K, H) is norm-continuous for 
z G S/3 and, due to the continuity conditions 12.34|) and J23SJ), uio-measurable with 
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respect to the Lebesgue measure for z E dSp . Since T( • ) is bounded and f n (t) dt 
is a probability measure, the integrals in (|6.2J) exist and 

sup{ ||T„(z)|| ;z£^,n>l}< sup{ \\T{z)\\ ; z E S/j} < oo . (6.3) 

Further, (|2.34l) and 12.35fl yield by the Lebesgue Dominated Convergence Theorem 

TJs) = wo- lim TJs + it) , s € R , (6.4) 

TJs + iff) = wo- lim T„(s + it), seR. (6.5) 
i>t/p->i 

We compare the operator valued function T„ ( • ) with 

C 3 z i — ► T^„(z) = wo — J f n {w — z) T(w) dw 

(6.6) 



/OO 
f n (t + (-z)T(t+0dteB(K,H), 
-oc 



where £ € . Due to 

/ n ( t + C _ z ) = II e"«* 2 e -2„ t (C- Z )-™(C- Z ) 2 



the integral in (|6.6|) is convergent and defines an entire mapping Tq n ( ■ 
For , £2 € §/3 and zeCwe have by the Cauchy Integral Theorem 



T(i,n(z) = wo- / f n (w~z)T(w)dw = wo- f n (w-z)T(w) dw — T^ 2tn (z) , 

so Tf )ra (- ) does not depend on £ 6 §73 . Therefore, for any (gS^j, 

T(, n (z) = T z .Jz) = T n {z) , zeS/3. (6.7) 

Let £ £ Sp be arbitrary. Since T^ n ( • ) is an entire mapping, by l|6.4|l . (|6.5|l and 
(|6.7|) we get for every s £ R 

T n (s) — wo — lim T„(s + it) = wo — lim T<- „(s + it) — Tr n (s) , 
o<t/p^o 0<*//3->0 

2n(s + i/3) = wo — lim TJs + it) = wo — lim 7> Js + it) — Tr Js + iff) . 
l>i//3-»l l>t//3^1 

Consequently, the mapping E>p 3 z 1 — > T n {z) defined in (|6.2|l is a restriction of 
the entire mapping T^.J ■ ) . In particular, it is so-continuous (the role of T^ jrl ( • ) 
is just to prove this statement) and its restriction to S/3 is analytic. We recall that 
its boundedness was already noticed in l|6.3ll . 

Since 1 9 f 1 — > f n {t) is a real function, (1) 4=> (3) in Theorem 12 . 1 21 implies that 
the Hermiticity of T(s) and J v T(s + i(3) for s € R\ S e respectively s 6 R\Hi 
is inherited by T n (s) and J v T n (s + iff) for all s S R . 

Thus T n ( ■ ) fulfils all the assumptions made in Step 1. Consequently there exists 
T n £ B(K, H) satisfying 

T n (s)=A^T n ^ , S£ M. 

It follows that 

r B ( fl + t) = A^*T„(t)A**, Mel, 
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which yields by analytic extension 

T n {z + s) = A7*T„(z)A^, zeVseR. (6.8) 
On the other hand, from i|6.2[l we obtain 

norm — lim T n (z) = T(z) , zdSs, 

n — >oo 

due to the boundedness and norm-continuity of T( • ) in Bp . Thus we get by (|6.8[) 



T(z + s) =A V ^ T{z) A***, zeS^se 



Now choose some s D £ K \ 5 D and denote 

t = a; 1 * t( So ) a; 41 * . 

Then T is Hermitian with respect to (ip, tp) and we have for every s E R \ S Q 
T(s) = wo — lim T(s + it) 

0<t//3^0 

= mo- lim AZ' l ~^ L T(s + ii) Al"^ 

0<t//3^0 

= A^^ (mo - lim T(s + it)) A^ 



a/^(a;^t( So )a/^)a 



■4> 



= A M T A„, 



that is fOnjl holds. Using (1) =*> (8) in Theorem l2~T2l {OH and (jiOSjl . as well as 
the uniqueness theorem of the Riesz brothers (see, in Section 3, Step 1 of the proof 
of (3) (4) in Thcorcm l2.3[) . we obtain that T( • ) extends to an so-continuous map 
on Bp , for which [j!H7|l and hold. 

□ 



7. Proof of Theorem 12.11 



We recall the setting: 

- N C M C B(H) are von Neumann algebras, 

- ip is a normal semifinite faithful weight on M such that its restriction ip to 
N is semifinite, 

- we assume that M is in standard form with respect to ip and {y v ; y € Dt,/,} 
is dense in H , hence N is in standard form with respect to ij) and y^ — y v 
for all y G 9t^, . 

We shall use the notations Am = A v , Jm = J v and Ajy = A^, , Jjv = Jip ■ 
The proof of Theorem 12 . II will be performed in nine steps. 

Step 1. Application of the Modular Extension Theorem. 

Since 5^ C S v , hence H * C H Stp , the identity map / on H is Hermitian with 
respect to (i/j, <p) . By (1) <4> (8) in Theorem 12.121 l|2.32|l and l|2.33|l . we obtain an 
so-continuous map 

§3^ 9 z .— > i(z) e , 
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which is analytic in §_i/2 and satisfies the conditions 

I(s) = A% A N ls and /(s - |) = J M I(s) J N , s G 

||/(z)||<i, zeST^. 

Therefore the mapping 



is so-continuous, analytic in §_i/2 , and such that 

W(s) = A^ s and w(s - ^ = J N W(s) J M , a G R, (7.1) 



||^(C)|| <1, Ce§_ 1/2 . (7.2) 

Siep £ Hermiticity on the boundary. 
First we show that 

(w(s - |j Jat jfy J el, x* = x G 0^ , y* = y G , 
what is equivalent, according to (1) •o- (3) in Theorem 12. 121 to 

W^s — — ^ is Hermitian with respect to [ip, ip) , s G K . (7-3) 

Indeed, 

(w(s - ^ cc,/, J w y^j ^^(j N A N ls A^j J M x^ | J N y^) = (A$ y^ | A^ J M £,/,) 

*P(A^ y„ | J M A" x v ) 'P (^(y)^ | J M etf (*)„) 

= (<rt(y)<p I JM(?t(x)<p) 

is real because of LemmaEIl(2). 

Next we show, using the negative half-sided modular inclusion assumption 1|2.19[) . 
that 

W(s) is Hermitian with respect to (t(j,ip), s<0, (7-4) 

Jat W(s) Jn is Hermitian with respect to (-0, ip) , s > . (7-5) 
For 0, let s < and x* = a; G OTy, be arbitrary. By (|2.19|) we have erf (x) G -/V , 
so <jf{x) G and of (a:)^ = of (z)^ . Thus 

W{s)x^ 'P A- A- ^ 'P A-<(x) y = A-VH^v, *P ^ S «W)^ 

and the Hermiticity of W(s) with respect to (ip,ip) follows by using (2)=>(1) in 
Theorem 

Now, for l|7.5|l . let s > and x* = x G be arbitrary. Then, due to (|2.19|) . we 

have 

^(^(x)) G <n> and ^(^(s))^ 'P A^A%x v 'P , 

so W(s)*aty G i? 5 '"* . Therefore, owing to (2) (7) in Theorem EH Jat W(s) J n 
is Hermitian with respect to (tp, ip) . 
To summarize, 
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- W(Q is Hermitian with respect to (ip,ip) for £ G (— oo,0] U — and 

- Jn W{Q Jn is Hermitian with respect to (ijj, -0) for £ G [0, oo) . 

Step 3. Change of variable. 

We shall use the analytic logarithm branches 

log + : |re l9 ; r > 0, ~ < 6 < ^} 3 1 — > \ogr + i9, 

log_ : jre* e ; r > 0, < 6 < ^ j 9 re' 9 i — ► logr + iO . 

For any f} G M , /? ^ , we consider (like in Section 3, in the proof of (3) => (4) 
in Theorem I2.3fl the one point compactification of the right half and the left half 
of and denote each added point by -foo and — oo , respectively. 

In order to apply Theorem 12 . 1 31 to W , we have to map S-1/2 conformally onto 

some S/3 , (3 ^ , such that (—00, )U{— 00} U (m. — — ^ correspond to K , and (0, 00) 
to M. + i j3 . This is done, for (3 = it , by 

5I^\ {0} 3 C >— ► *(C) = log+ (1 - e 2 ^) G S;\ {0} , 



which extends to a homeomorphism '5 : §_i/2 U {—00, +00} — ► 5% U {—00, +00} 
satisfying *(0) = -00 , *(-oo) = and *(+oo) = +00 . 

The inverse homeomorphism : § w u {—00, +00} — ► §-1/2 U {—00, +00} is 
given by 

S;\ {0}3^ = _L i og _ (1 _ e ») e sl^\ {0} , 

# -1 (0) = -co , $ -1 (-oo) = , * _1 (+oc) = +00 , 
so it maps conformally onto §_i/2 and 

(—oo,0) onto (—oo,0) 00, — co 1— > 0-^ , 

(0, +00) onto K — - (^ 0+ ^ —00 — - , +00 1— > +00 + —J , 

I fog 2 \ 

K + 27T OntO (0, +C») I — OO + in I— > 0+ , Z7T I — !■ — , +OO + VK I— ► +OO ) . 

Thus we can consider the so-continuous mapping 

K\ {0} 9 « 1— > = W G B(H) , (7.6) 
which is analytic in and, according to (|7.2() . 17.3(1 . I|7.4|l and l|7.5|l . satisfies 

||V(«)||<1, ze§;\{0}, (7.7) 

V(s) is Hermitian with respect to [ip,i/)) , sGR\{0}, (7.8) 

Jjv V(s + «7r) Jjv is Hermitian with respect to (4>,ip) , set. (7-9) 

Step ^. Application of the Generalized Structure Theorem. 

Since the so-continuous mapping considered in Q7.6|l is analytic in and l|7.7[) . 
(17.81) . 1)7. 9[) hold, it satisfies the assumptions for T( • ) in Theorem 12 . 131 with 
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M replaced by N , ip replaced by if) , (3 — ir , S c = {0} and Hi = . 
By Theorem 12.131 it follows that, for some V 6 B(H) which is Hcrmitian with 
respect to (tp, ip) , 



V(s) = A N l ^VA^, sGR\{0} (7.10) 
and the mapping l|7.6|) has an so-continuous extension 

§^3zi — >V(z)eB(H) 

with V(0) = V , satisfying 

V(z + 2irt) = A N lt V(z)A%, zeS^, teR, (7.11) 

V(s + wr) = J N V(s) Jjv , seR. (7.12) 



In particular, 



V(0) = so - lim V(s) = so - lim W(t) = so - lim A^* A" 



O^S— 1-0 t— >-OQ t- 



N M 



is a wave operator. 

We notice an additional continuity property of V( ■ ) : since oo) = , the 

limit 

so -_ lim V(z)=so- lim W(() = W(0) = 1 H 

exists. Thus the mapping (|7.6|) has actually an so-continuous extension 



S w U {-oo} 3zi — ► V(z) e B(H) (7.13) 

— ii 
N 



with V(0) = so - lim Ajf* A% and V(-oo) = 1 H 

t — > — oo 



Step 5. Further change of variable. 
We recall that 

§7 3 z i— ► 0(2) = e z G {C £ C ; 3C > 0} \ {0} 

is a homeomorphism mapping conformally onto {( e C; 3£ > 0} , which ex- 
tends to a homeomorphism : U {— oo,+oo} — ► {( e C; Q£ > 0} U {oo} 
satisfying 0(— oo) = and 0(+oo) = oo . 

The inverse homeomorphism _1 : {( e C ; 3^ > 0}U{oo} — ► § T U{— oo, +00} , 
which maps {( £ C; 3C > 0} conformally onto S w , is given by 

{C e c ; sc > 0} \ {0} 9 C •— ► e-\C) = iog+ Ce§;, 

e -1 (0)=-oo, e -1 (oo)=+oo. 
Since the mapping Ij7.13|l is so-continuous, also the mapping 

{C g c ; 3C > 0} 3 c >— > u(Q = vie-^o) g b(h) 

is so- continuous. Moreover, since 9 z 1 — > V(z) is analytic, the restriction of 
the above mapping to {£ G C ; 3£ > 0} is analytic. 
For £ = and ( = 1 we have 

17(0) = V(-oo) = 1 H , U(l)=V(0)=so- lim A^ A% . 

t — > — oo 
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In particular, U(0) and {7(1) are unitaries and A$ 17(1) = 17(1) A^ for all s6l. 
On the other hand, for C G C , 3C > , C ¥= i 1 , 

u(0 = v(e- 1 (0) =v{io g+ c) =w(*- 1 (io g+ o) =w(^iog_(i-C)) 

holds. In particular, according to Ij7.1|l . also the operators 

{t/(s) ; a G R, a ^ , 1} = {V(z) ; z e a§„ , z ^ 0} = {W(Q ; C G 3§_ 4/2 , C ^ 0} 

are unitaries. 
We summarize: 

U (0) = 1h and U (s) is unitary for every s G R , 

17(1) = so - lim A^* Ajjf and A$ C7(l) = t/(l) , set, (7.14) 



t—> — OO 

E/(C)=F(log + C), 0^CeC,3C>0, (7.15) 

C7(C)=W^log_(l-C)) , 1^CGC,3C>0. (7.16) 

Using JTUU), we obtain from (JTTTJ , (j7~TT|) and ifTTlSj) 

||!7(C)|| <1, CGC,3C>0, (7.17) 

C/(e 27rt C) = A/t/(C)A^, ieR,CGC,3C>0, (7.18) 

U(-s) = J N U(s)J N , seR. (7.19) 



Indeed, (£3 implies that ||J7(C)|| < 1 for 7^ C G C , 3C > , while the norm of 
C/(0) = 1# is < 1 . Similarly, the equality in (|7.18|l is an immediate consequence of 
fED) for 7^ C G C , 3C > , while it is trivial for C = . Finally, for any s > , 
(|7.12[l implies 

l/(-s) = V(log s + i tt) = J w y (log s) J w = J w [/(a) , 

hence also Jjv U(—s) Jn = U(s) Jfi- = U(s) . Therefore the equality in (|7.19() 
holds for every s G R (it is trivial for a = 0) . 
Furthermore, by l|7.16|l and (|7.1fl . 

£7(2) = W f ^ log_(-l)) = W = J N W{0) J M = Jn Jm ■ (7.20) 

On the other hand, 1)7. l(j|) is equivalent to the equality 

W(z) = U(l - e 2 * z ) , zeW~j;, 

which yields 

A^ lt A%; = W(t) =U(l- e 27rt ) , t G R. (7.21) 

S'iep 6. Group property of [/(•)• 
We now prove the group property 

U(si) U(s 2 ) = U{si + a 2 ) , si , s 2 G R . (7.22) 
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Let s > and telbe arbitrary. By JZHSJ, RDM - f^!> and JESJ, we obtain 



„■ log s ■ log s ■ log s ■ log s 



Ufa = V(logs) = A N 27r V(0) A w 27r =A W 2,r [7(1) A^" 



; l°g s ,-log 
2tt a ' 2tt 



log S 



= f/(l)A M 2 ^ A,^ = [7(1)^1-^-1 = [7(1) [7(1 -s)*, 

hence Ufa [7(1 — s) = [7(1) . By sandwiching this equation by Ad A^ 1 * and taking 
into account l|7.18|l . we get 

U(e 2 ^s) U(e 2 ^{l ~ s)) = U(e 27Tt ) . (7.23) 

ri 

Next let n , r 2 € R be such that n > and n + r 2 > . Then s = > 

+ r 2 

and, with t = — log (ri + r 2 ) € R , we have e 27rt s — n , e 2jrt (l — s) = r 2 . Thus 
||ZSS|| yields 

CT(n) C/(r 2 ) = C/(n + r 2 ) . (7.24) 
Finally let si , s 2 € R be arbitrary and choose s£K such that s>0,s + si>0 
and s + Si + s 2 > . Then, using l|7.24|) with (ri, r 2 ) equal to (s , si) , (s + si, s 2 ) 
and (s , si + s 2 ) , respectively, we obtain 

Ufa Ufa) U(s 2 ) = U(s + Sl ) U(s 2 ) = U(s + Sl + s 2 ) = U{s) Ufa + s 2 ) . 

Since U(s) is unitary, the above equality implies that U(s\) Ufa) = U(si + s 2 ) . 
Therefore (|7.22|l is proved. In particular, 

Ufa U(-s) = U{0) = l H , that is Ufa* = U(-s) , set. (7.25) 

Thus R 3 s i — ► Ufa € B(H) is an so-continuous one-parameter group of 
unitaries, which allows an so-continuous extension {£ S C ; 3£ > 0} 3 C 1 — ► [7(C) , 
analytic in € C ; 3£ > 0} and satisfying (|7.17|l . Consequently 

Ufa = exp(isP) , sel (7.26) 

for some positive selfadjoint operator P in H . 

Step 7. Further properties of U( ■ ) . 

Here we show that the above constructed group R 9 s i — ► Ufa € B(H) satisfies 
properties (1) - (7) in Thcorcm l2.ll 

By EDU , and C35t i we obtain for all s , t € R 

At/ [7(s) = (A£«A« ) A/ f/(s) A$ (A/ A* ) = 

= U(l-e 2 * t )*U{e M s)U(l-e 2 * t )=U(e 2nt s), ( ' J 

This equality and l|7.18|) show that property (1) in Thcorcm l2.1l is satisfied. 
Similarly, ifflS)) . f7!^ . (f7~2H and yield for every s£l 

Jm U fa J M = (Jm Jn)JnU fa J N (J N Jm) 

= U(2)* U(-s) U(2) = U(-s) . ' ' ' 2N ' 

Now property (2) in Theorem IO is ifTTTIj) together with lf7"2g)) . 

The validity of property (3) in Theorem 12.11 follows from H7.21H and l|7.14|l . 

The first equality in property (4) in Theorem 12. II is (|7.20(l . while the second one 
follows from ifT^Kjl . (CSJ, HTT3, and iTT^ : 

£7(1) Jm U(l)* = U(l) J M U(-l) - U(l) 2 J M = U{2) J M = Jn ■ (7.29) 
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Next we prove property (5). Since 

Aj£* A% N Aj/ 1 Aft = A M l * N Aft c A M " M Aft = M , teR, 
(TTHIl implies 

f7(l)*JVJ7(l) C M. (7.30) 

On the other hand, by sandwiching this relation by Ad Jm an d using Ij7.29|l . we 
obtain 

M' = J M M J m d J m U(1)*N £7(1) J M = U(l)*J N N J N U(l) = U(1)*N' U(l) . 

Passing to the commutants, this inclusion relation yields 

M C U(1)*NU(1) , 

which together with (|7"3U|) gives U(1)*N U(l) = M, that is 

N = U{1)MU{\)* . (7.31) 

For property (6) in Theorem 12. II we notice that (|7.1|) and the negative half-sided 
modular inclusion assumption Ij2.19|l imply that W{t) NW(t)* C N for all t < , 
what is by (|7.21l) equivalent to 

U(s) NU(s)* C N , 0<s<l. 

Using lf?3Tjl . (|7~^|) and J72SI, we get for every < s < 1 

U(s)MU(s)* = U(s)U(l)*NU(l)U(s)* = U(l)*U(s) NU(s)*U(l) 

C U(1)*NU(1) = M. 

Using now induction on n , it follows that 

U(s)M U(s)* C M, 0<s<n 

holds for every integer n > 1 , that is U(s) MU(s)* C M for all s > Q. 
(7) is an immediate consequence of (6), (5) and (4). 

Step 8. Invariance properties of U( ■ ) with respect to ip . 

We show in the following that R 3 s i — ► U(s) £ B(H) satisfies property (8) in 
Theorem 12 .11 hence also property (9), which is an immediate consequence of (8). 
For any y £ 9t^, and teR, l|2.3|l yields 

A£ y A N U em^cm v and (A% y A N \ = (A% y A N *\ = Aft W . 

Setting s = 1 — e 27r * and using (|7.21|) . we obtain 

U{s)*v U(s) = A^ A* y A/ Aft £ A M " ^ Aft C A M " <n v Aft C ^ , 

(C/( s )>f/( s )) v = A-; ( (A^A/) v = Aj^«(A« = A^Aft^ 

= U(s)* yi> . 
Therefore we have for all s S K , s < 1 , 

U(s)*y U(s) £ m v and ( U(s)*y U{a)) v = U{s)*y^ . (7.32) 

Moreover, according to the Lebesgue continuity result Proposition ^. 71 (|7.32(l holds 
also for s = 1 . 

According to (|7.31(l . 71 : M 3 x 1 — ► U(l)xU(l)* £ N is a ^-isomorphism with 
inverse r y^' 1 : N 3 y 1 — ► C/(l)*yC/(l) G M. The modular automorphism groups of 
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the normal semifinite faithful weights tp and (p o r y 1 1 are equal. Indeed, by (|7.14(l 
we have for every y £ N and t G R : 

^r 71 " (V) = 7i (o-r frf 1 (V))) = U(l) A« 17(1)*» 17(1) C/(l)* 
On the other hand, for every y G Ot,/, , using f!~TR) with s = 1 , we obtain 

</%*y) = iim 2 = ii cmr^ii 2 = ii7i _1 (»)»»ii a = yo7f V») - 

so (/? o 7J -1 and ^ coincide on SJt^, . Thus [2H|j Proposition 5.9 yields ip — (p o , 
that is 

ip oj 1 — ip o 7j = <^ . (7.33) 

In particular, for every x G M and n > , 

x e ^ 7n (x) G 91 y . (7.34) 

Let x £ W, v be arbitrary. By ((TM)) and (f7TT?T|) we have 71 (x) G 91^ , so (|T32T 
holds with y = 71 (x) and any < s < 1 . Using the group property of U(-) , we 
deduce that, for every < s < 1 , 

7s (x) = U(s)xU(s)* = [7(l-s)*7i(x)J7(l - s) G 9t v and 
7 s (x) v = U(l - s)*ji(x)tp . 

In particular, for s = 0we get x v = C/(l)*7i(x)^, , that is 71 (x)^, = U(l) x v . Thus 
(|7~35|) yields 

7 S (x) G 91^, and 7 s (x) v = U(s) x v , < s < 1 . (7.36) 

Iterating fT^I . we obtain 

a: G 9? v , s > 7,(2;) G 9t p and 7s (x) v = C/(s) x^ . (7.37) 

On the other hand, for x G M and s > , denoting by n the integer part of s , 
that is the integer n > with n < s < n + 1 , we have 

7 S (x) G %p 7n+i(x) = 7„+i_s(7s(a;)) G 91^, x G 91^ . 

Consequently property (8) in Theorem 12. II is satisfied. 

5iep 5. Description of the generator P . 

First we verify that statement (10) in Theorem 12.11 holds with P defined by 

(Eg} . 

We recall from Subsection (b) of Section 2 that, if we endow R 2 with the Lie 
group structure defined by the composition law 

(*i,*i) ' (*2 S *a) = (*i + e~ 2 ' Ttl S2 , ii + t 2 ) , 

then R 2 9 (s, i) 1 — ► T s L t G V\{1) is a Lie group isomorphism. Hence, by (|7.27|) . 

rr:Vl(l)3T s L t ^U(s)Al 1 

is an so-continuous unitary representation on H and, according to (|7.21|) , the group 
tt(V+(1)) contains {Afj , A^ ; t , s £ R} and is generated by this set. 
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Let us consider the elements X\ , X 2 , X3 of the Lie algebra pT_ (1) = g defined 
in (|2.13|) . By (|2.15[) and by the definition of it , taking into account how Pl(l) was 
identified in Subsection (b) of Section 2 with Q , we obtain for every t G R : 



7r(exp(tXi)) = w(L t ) = A% = exp (it log A 



Ml 



7r(exp(tX 2 )) = 7r(Ti_ e -2„ 4 L t ) = U(l - e~ 27rt ) A M A% = exp {it log A 

7r(exp(tX 3 )) = vr(T t ) = £/(*) cxp(iiP) . 

Therefore, according to (|2.1tj|) , 



d7r(X 1 )=ilogA M , d7r(Z 2 ) =ilogA JV , d7r(X 3 )=iP. (7.38) 

Since any two of X\, X 2 , X 3 is a basis for fl+(l) and V\{1) is connected and 
simply connected, the representation 7r is uniquely determined by any two of the 
relations fT^ (see e.g. 0, Ch. 11, §5 or jSO), Proposition 10.5.2). 

Now, by pi) . (|2~T%)l and JOHl, we conclude that 



zP = d7r(X 3 ) = — d7r(X 2 - X x ) = — (dn{X 2 ) - d^) 

Z7T 27T 



— ( log Ajv - log A M ) , 



hence P is the closure of ^- ( log A^ — log A^/) • 

□ 



8. Complements to the implementation theorem of Borchers and the 

proof of Theorem 12.21 



First we prove Theorem 12. 141 which will then be used to prove Theorem 12. 21 
Proof of Theorem 12.141 

Step 1. The existence and the uniqueness of b (it is essentially the proof 
of [I], Theorem 3.1 and gU, Corollary 5.7). 

By the lower boundedness of P we have d = exp(— P) G B{H) . Moreover, d Q 
is clearly positive and injective. Denoting (3 S — a>- s , (/3 s ) sS r is an so-continuous 
group of *- automorphisms of M such that 

s {x) = d a ls x d a ~ is , s G R , x G M . 

We recall that, according to |44|. Theorem 1.4, we have for every A £ R: 

A/ Q ([-A,+oo)) =M /3 ((-oo,A]) = 

= G P| Dom(a z ) ; \\a z (x)\\ < e XQz \\x\\ for all z G C,Sz > o| = 

9*>o (8-1) 

= {xE p| Dom {fi z ) ■ \\/3 z {x)\\ <e~ AOz ||a;|| for all z G C , 5z < o} . 

zGC 
Qz<0 
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Denoting 

H\ = the closed linear span of M a ([— A, +00)) H = 
= the closed linear span of M ((-00, A]) H, 

we have clearly H x D M ((-oo, 0]) H D l H H = H , hence H\ = H , for all A > . 
In particular, H is an invariant subspace of support 1h relative to , as defined 
in Section 5 of 02]. Moreover, since the spectral subspace of d corresponding 
to (0, \\d \\] is H , the second statement in 03], Theorem 5.3 implies that H is 
simply invariant, that is (^| H\ = {0} . Furthermore, M'H\ C H\ implies that 

the orthogonal projection p\ onto H\ belongs to M . 

Using now the first statement in 02], Theorem 5.3, it follows that there exists 
an injective b £ B(H) , < b < \h , such that 

p s (x) = b is x b~ is , s£R,x£M (8.2) 

and, for every A G K , the spectral projection X/ e Aj (&) is the orthogonal projection 

onto H\ + q = I] , hence it is equal to px+o = so— lim p^ £ M . In particular, 

be M . 

Property (i) in the statement of Theorem 12 . 1 41 holds by Ij8.2|l . In order to verify 
property (ii), let d be an arbitrary injective operator in M such that < d < Ih 
and a s (x) = d~ is xd is , s £ R, x £ M , that is /3 s {x) = d^xd" 13 , s Gl, x £ M . 
Since the spectral subspace of the unitary group (cP) s gR corresponding to (—00, A] 
is x {q e A ] H > S3' Corollary 2.6 yields 

M*((-c»,A])ff = M"((-oo,A]) ^MffCx^fP, AeK. 

= 1h 

Consequently, X (0 e A](6) = px+o < X (0 ^](d) for all A G M . 
The uniqueness of 6 is an immediate consequence of (ii). 

Step 2. Proof of (iii) and (iv). 

(iii) is clear from the construction of b in Step 1. 

In order to verify (iv), let a be a ^-automorphism of M such that, for some 
K >0, 

a o a s = a\ aS o a , sgl. 

Then holds clearly 

a o a z = a x ^ z o a , z£C (8.3) 

There exists a faithful unital normal ^-representation ir : M — > B(K) , which 
is covariant with respect to a , that is w(o~(x)^ = Utt(x) U* , x £ M , where U is an 
appropriate unitary on K : for example, we can choose 

K = l 2 (Z; H) , the space of all square-summable two-sided sequences in H , 
<x){Zh)k& = (" fc (s)&) fc6Z ^ x £ M, fe) fcez G l 2 (Z;H), 
^ (&)fcez = Kfc+i)* e z for fe) fceZ G Z 2 (Z;ff) . 
Then (7roa s o7r _1 ) sgR is an so-continuous one-parameter group of ^-automorphisms 
of the von Neumann algebra ir(M) C B(K) , 11(b) is an injective element of ir(M) 
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with < 7r(6) < Ik and 

(iroa s o ir^ 1 ) (tt(x)) = ir(by is ir(x) ■n{b) ls , s £ R , X £ M . 

Moreover, by the definition of b , for any injective n(d) £ tt(M) , < n(d) < Ik , 
such that 

(ioa s o ir- 1 ) (ir{x)) = ir{d)- ls ir{x) ir(d) is , s € R , x £ M , 

we have 

X (0 , e *]K&)) <X (0 ,e*] (*(<*))> AeM - 

Applying the above proved (iii) to 7r(M) , (7roa s o 7r_1 ) seR 7 7r (^) instead of M , a , 
b , we obtain that, for every Ael, n (X( e *i (&)) = X( e A ] ( 7r (^)) ^ s tne orthogonal 
projection onto 

P| the closed linear span of ^(Af)™ 007 ^ 1 ([-fi, +00)) X = 
= p| the closed linear span of 7r 

Ai>A 

For every Ael and x £ M , by 18.1fl and by (|8.3I) , the following four conditions 
are equivalent: 

x £ M a ([-\,+oo)) , 

x £ P| Dom(a 2 ) and 1 1 a (a z (x)) || = ||a z (x)|| < e A3,z ||a;|| for all z £ C , 3z > , 

zee 

Qz>0 

a(x) £ P| Dom(a 2 ) and \\a x ^ z (cr{x)) \\ < e A3z ||a;|| for all z £ C , > , 

zee 

Qz>0 

(t(x) S Af Q ([-A- 1 A,+oo)) . 

Therefore 

a(M a ([-\,+oo))) = M Q ([-A- 1 A,+oo)) , AeR. (8.4) 

Let next A £ 1 be arbitrary. By the covariance property of ir and by l|8.4|l . we 
have for every /1 > A : 

U n(M a ([-fi, +00))) K = C/7r(M Q ([-/i,+oo))) U*K = 
= ^(a(Af Q (h M ,+co))))x- 

= ^(m«([-A- 1 /A +oo)))^. 
Consequently [/^(x^^))-^ = tt(x A -i x (7r(&)))iT , and so 

-H^] (*))) = M^W 6 )) ^ = *(\ , e ^^) > 

= ^(X(o, e ^ 6 )) = X^-xjP) = X (0 , e ^(^) ■ (8-5) 
Now, by H8.5fl we conclude that a(b) = b x ° . 

□ 

Proof of Theorem EH 
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Proof of (1). Let us consider 7 S = AdU(s) for all s £ R (not only for s > 0) 
and let z be an arbitrary selfadjoint element of the center Z(M) of M . By (6) in 
Theorem 12 . II we have j s (z) £ M for all s > , hence z and J s (z) commute for any 
s > . But then the elements of the set {■y s (z) ; s £ R} are mutually commuting, 
so the von Neumann algebra C generated by this set is commutative. Since 

7 S = Ad U(s) \M leaves C invariant for every s £ 1 and 

U(s) = exp(isP) , s £ R , for some positive selfadjoint operator P in H , 

according to the implementation theorem of Borchers [S] (see also Theorem I2.14[) 
there exists an element b £ C , < b < 1^ , such that 

7s (x) = b~ ls xb is = x, xeC,seR. 

Consequently, j s (z) = z for all s £ R . 

Proof of (2). By (5) in Theorem 12.11 and by the above proved (1), Z(N) = 
Zyy\{M)\ — Z(M) . Now it is easy to see that the projection family 

{ q G Z(M) ; Mq = Nq } 

is upward directed and its lowest upper bound is the greatest projection p G Z{M) 
satisfying Mp = Np . 

The implication e < p =>• £/(s) e = e holds for any projection e G M , because 

Mp = Np f P ^ip P BP A M p = A$p, teR => U{s)p = p, sgR. 

Now let e € M be an arbitrary projection such that 

£/(s)e = e, sgR. (8.6) 

For every a G 2t v and x ,y £ Vt^, , using (8) in Theorem l2.ll we deduce that 

(U(s)aeJ M x v | J M y v ) (js(a) e J M x v | J M y v ) = (e Jm x v \ ls{a*) Jm y v ) 

(e J M x v I J M V Jm 7s(a*%) 
= ( Jm y* Jm e Jm x v | U(s) (a"%) 
= (eJ M y*x v | t/(s) (a"%) 

= {eJ M y x v \(a ) lfi ) 
does not depend on s > , so ((iff — U (s)) a e Jm x v | Jm y v ) = for all s > . 
By { Jm % ; a; G 9^} = and 2l v s ° = M , we get 

(lff-[/(s))Mei? = {0}, set. 

Since the orthogonal projection onto the closed linear span of M e H is the central 
support z(e) £ Z(M) of e , we obtain that (l# — U (s)) z(e) = for all s > , hence 

JJ(s) z( e ) = z(e) , sGR. 

Consequently, Nz(e) = U(l)MU(l)* z(e) = Mz(e) and so e < z{e) <p. 
Finally, let e G M v be a projection such that 

U(s)e = eU(s), sGR, (8.7) 
U(s) cJm^Jm = & Jm&Jm , s G R. (8.8) 
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If 7r = ir e j^ eJ : eMe — ► B{eJ lp eJ lp H) is the ^-representation denned in Q2.8JI . 
then, for every s > , (|8.7|l and (|8.8|) yield that 7 s (eMe) C eMe and 

7r(7 s (a)) = U(s) a U (— s) | cJm^JmH = a \ cJmsJmH = 7r(a) , a € eMe . 

Since 7r is faithful, we obtain that U(s) aU(—s) — 7 s (a) = a for all s > and all 
a G eMe . In other words, every U (s) commutes with every operator in eMe . 

Consequently, for every s G K , the unitary /7 (s) | eH : ei? — * eH belongs to the 
commutant of the reduced von Neumann algebra { x \ eH : eH — > eH ; x G eMe } , 
hence to the induced von Neumann algebra { x' \ eH : eH — > eH ; x' G M' } . Since 
the kernel of the induction *-homomorphism M' 3 x' i— > x' |ei? is M'(l H -2(e)) , 
where z(e) G Z(M) stands for the central support of e , there exists a one-parameter 
group (u s ') s( =r of unitaries in M'z(e) such that 

U(s) | eH = u' s \eH , that is t/(s) e = u s 'e , s G K . 

Setting m s = Jmu'_ s Jm > (w s ) S £R is a one-parameter group of unitaries in Mz(e) 
such that 

U(s)J M eJ M = JaiU(-s) eJ M = JMu'_ s eJ M = u s J M eJ M , s G K. 
Therefore we have, for every s > and a G Mz(e) , 

ls(a)J M eJM = JmsJmU(s) aU(—s)J M eJM = J m^J MU s au- s J M zJ m 
= (u s au- s )JMeJM ■ 

Since the kernel of the induction *-homomorphism M 3 x <— > x | Jm^JmH is equal 
to M(l H - z(J M eJ M )) = M(l H - 2i(e)) , we obtain that 

7 s (a) = u s au- s , s > , a G Mz(e) . 

In particular, Nz(e) — 7i(Mz(e)) = UiMz(e)u_i = Mz(e) , and so e < z(e) < p. 

Proof of (3). Let us assume that M_oo = O 7 S (M) contains M v . 

Ad U(s) leaves M_oo invariant for every s G K, defining thus an so-continuous 
one-parameter group (a s ) sS R of ^-automorphisms of M^oo . Using Theorem 12.141 
we get an injective b G , < b < 1h , such that 

a s (x) = b~ ls xb ls , sGM.xGM-oo (8.9) 

and 

a *-automorphism of M_oo and A CT > 
o" o cy s — ct!^ s o a for all s G K 

Since & G M_ 0O , 18.9|l yields that 

U(s)bU(s)* = a s (b) = b, that is b commutes with U{s) , sgR. (8.11) 
In particular, b G f (1) M J7(l)* — N . Furthermore, by (1) in Theorem l2.1l we have 

^o Ts=Varts oaf, s,t6i, (8.12) 

so M-oo is left invariant by all o~f . Therefore, applying l|8.10|l with a = af , we 

get 

af(b)=b e ~ 2,rt , teR. (8.13) 




ct(6) = . (8.10) 
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Let X{\y be the characteristic function of {A} cR. For every t€lwe have 

at{b) = b°-™ =}> at( X{1} (b))= X{1} (b), 
so X{iy(b) € Af v . On the other hand, l|8.11|l implies that X{i}(^) commutes with 
all U(s) . Therefore X {1} (6) € iV commutes with all A# = A$E/(1)* , and so 
it belongs to . 
Let us denote 

e = l H -x {1} {b)€MTiN* t 

ip = the restriction of tp to e M e , 

?/> = the restriction of ^ (hence also of ip) to e Q N e Q , 

b a = e be = be a — e Q b £ e a M e a . 

By |28|. Proposition 4.1 and Theorem 4.6 (see also Propositions 4.5 and 4.7), 
ip is a normal semifinite faithful weight and its modular group is the restriction 
of the modular group of p to e M e . Similarly, ip Q is a normal semifinite faithful 
weight and its modular group is the restriction of the modular group of ip to e N e Q . 
In particular, by 1)8. 13[) . we have 

<jf°(b ) = b e ~ 2 *\ (el. (8.14) 

Since < b a < e and the supports of both b and e — b are equal to the unit 
e D of e Me , — log6 D is a positive selfadjoint linear operator, of support e G and 
affiliated with e M e . Consequently, defining 

u s = (-\ogb ) ls , sel, 

(u s ) seR is a strongly continuous one-parameter group of unitarics in e Me and 
(1531 yields 

a?°(u s ) = e^ tsi u s , ( ,(GR. 
Now the characterization theorem of M. Landstad Theorem 2 (see also |34|. 
Theorems 1.3.3 and 1.3.4, or [331, Theorem 19.9) implies that the von Neumann 
algebra e M e is generated by (e G M e )' p ° — e M v e a and by u R , that is 

e M v e and b generate the von Neumann algebra e M e ■ (8.15) 

Since M v C Af-oo and b e M- x , we get that e M e C C 71 (Af) = N , 

that is e G M e = e Q N e . Consequently ip = ip , and so the modular groups cr^ 
and have the same restriction a Vo = cr^° on e a M e = e a N e a . Using (3) in 
Theorem IP we obtain for every x £ e a M v e a <Z M v n and iet: 

(7(1 - e 2 ^)xU(l - e 2 ^)* = A/A^A^A]* = A w lt af(x) A« = at t (x) =x. 

Therefore e M^e C {x e Af ; U{s) x = xU(s) , s E M} , which yields together 
with (HUH and IpTTB) : 

e a M e a C {x £ M ; U(s) x = x U(s) ,s£l}. 

In other words, every a s acts identically on e M e C Af_oo . By l|8.9|l we conclude 
that b belongs to the center of e M e . 

Since b D S Z(e Me ) is invariant under the modular automorphism group of 
ip , which coincides with the restriction of the modular automorphism group of ip 
to e M e as discussed above, we have b £ M v . Taking into account l|8.14|) . we 
obtain 

— 2-Kt —2rvt 

b e e = b e = af(b D ) = b Q = be Q , teR, 
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which is possible only if e = . Consequently X{i}(&) = , that is b = 1h ■ But 
then every a s — Ad U (s) \ M_oo acts identically on M_oo , hence 

M_oo C {x e M ; [/(s) a; = sc U(s) , s G M} = {x e M ; j s (x) = x , s > 0} . 

Proof of (4) . Let us first assume that 9Jt v n M f S ° = M v . Taking into account 
(8) in Theorem O the inclusion M v C {x e A/ ; 7 s (x) = x, s > 0} will follow 
once we show that 

s>0,ie 9Ji v n M y =*> ?7(s) x v = a^ . 

For let s > and x eWl v n M v be arbitrary. Using (8) in Theorem O (|2~3|) 
and l|X.12[l . we get successively 

Aj* 17 (s) x y = erf ( 7s (a:)) ^ = l e -™ s {x) v = U {e~ 2vt s) x v f " >+ °° i x v , 

11^(8)^-^11 = || A&(tf(a)av-av)|| = || Aj« *7(s) av - of (x) v || f ^ + °° . . 

For the second implication we prove that if 

M v c {x e M ; 7s (x) = a; , s > 0} (8.16) 

andp ^ l H , then M{l H ~p) is of type IIIi . Then also N(l H -p) = 7i(M(ljr-p))) 
will be of type IIIi . 

Taking into account l|2.11[l . we have to prove that 

e G M v projection, ^ e < 1h — P => cr( A M \ eJM&JtAH ) = [ 0, +oo) . 

For this purpose, let the projection e € M v ,0^e< 1# — p , be arbitrary. By 
the assumption (|8.1(il) we have 7«(e) = e for all s > , hence <|8.7[l holds. Since 
7^ e < l^f — p, the above proved (2) entails that l|8.8[l does not hold, that is 
U(s) eJjueJM 7^ zJmzJm for some s € K . Nevertheless, by l|8.7[) and by (2) in 
Theorem 12.11 all U(s) commute with cJm&Jm ■ Since e S Af v , also every A M 
commutes with cJmgJm ■ 

According to ip^Tjl . U(i) = exp (-P) G S(i?) is injective and < U(i) < l H . 
By the commutation relation (1) in Theorem 12. II we have 

A M £/(z)A M lt = t/(i) e ", teR. (8.17) 

Consequently, the spectral projection f Q = Xji\\U(i)) commutes with every A^ . 
On the other hand, f a clearly commutes with every U(s) . Finally, the commutation 
of cJmsJm with all U(s) implies that the projections cJm^Jm and f commute. 

We have already seen that U (s) cJmsJm ^ s-Jm^Jm for some s £ M . On the 
other hand, since U(s) = U(i)~ ls , we have U(s) f = f for every s € M . Therefore 
cJmzJm ^ fo , and so the projection 

fi = eJ M eJM - foeJueJu < eJ M eJ M 

is not zero. Since all A M and all U(s) commute with cJm^Jm and with f Q , they 
commute also with f\ . Therefore, we can define an so-continuous one-parameter 
group (vt)teR of unitaries on f\H by setting 

v t = | fiH = (A M I fiHf . t£l, (8.18) 

as well as the operator 

h = U(i) | fiH : fiH — » fiH G , 
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for which < b\ < fi and &i , /i — b\ are injective. From Ij8.17|l we get successively 

v t b lV * t =bf"\ teR, 

^(-logfti^w^e-^C-logfti)", t, s6l. 
Now the Stone-von Neumann Uniqueness Theorem for canonical commutation 
relations (see e.g. 0, Ch. 20, § 2 or [321 ) entails that there exist a Hilbert space 
K 7^ {0} and a unitary operator 

W : K®L 2 (R) — ► fxH 

such that 

v t = Wo{l K ®m_ 2 T Tt )oW* , (-log&i)* =fo(l ff 8A,)or, t,«€K, 
where 

m t is the multiplication operator with e 1 * ' on L 2 (R) , t £ R , 
A s is the translation operator £ i — > £( ■ — s) on L 2 (R) , s € R . 

Using l|8.18|) . we deduce that Am\ fiH = Wo (l#(g) m2ni) ° W"* > where m^m is 
the unbounded positive selfadjoint multiplication operator with e~ 27r ' in L 2 (R) . 
Consequently, the spectrum of Am | fiH is equal to the spectrum of lK < 8>m2m > 
that is to [0, +oo) . Since /j < cJm&Jm , we conclude that also the spectrum of 
Am I cJm^JmH is equal to [0, +oo) . 

□ 
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